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LAGRANGIAN PAIRS OF PANTS
DIEGO MATESSI
Abstract. We construct a Lagrangian submanifold, inside the cotangent
bundle of a real torus, which we call a Lagrangian pair of pants. It is given as
the graph of the differential of a smooth function defined on the real blow up
of a Lagrangian coamoeba. Lagrangian pairs of pants are the main building
blocks in a construction of smooth Lagrangian submanifolds of (C∗)n which
lift tropical subvarieties in Rn. As an example we explain how to lift tropical
curves in R2 to Lagrangian submanifolds of (C∗)2. We also give several new
examples of Lagrangian submanifolds inside toric varieties, some of which
are monotone.
1. Introduction
1.1. Summary of main results. Applications of tropical geometry to prob-
lems in complex geometry are now abundant in the literature, starting from the
pioneering work of Mikhalkin, who proved the first “tropical to complex” corre-
spondence theorem [20] where the enumeration of curves in P2 was proved to be
equivalent to the enumeration of tropical curves in R2. One way to think about
such correspondence theorems is that a tropical hypersurface Ξ in Rn encodes
the information to produce a one parameter family of algebraic hypersurfaces
Yt in (C∗)n, which in some sense “converge” to the tropical hypersurface. More
precisely, if one considers the one parameter family of maps Logt : (C∗)n → Rn
given by Logt(z1, . . . , zn) = (logt |z1|, . . . , logt |zn|), then the amoebas of Yt, i.e.
the sets At = Logt(Yt), converge to the tropical curve. Indeed Mikhalkin [19]
proves the stronger result that Yt, in some sense, converges to a complexified
tropical hypersurface (also called the phase tropical hypersurface). This is a
piecewise linear lift Ξˆ ⊂ (C∗)n of Ξ, constructed by adding some fibres over Ξ
(i.e. coamebas). Kerr and Zharkov [15] and Kim and Nisse [16] have shown
that Ξˆ is a topological manifold homeomorphic to Yt.
In this paper and in the forthcoming one [17] we take inspiration from the
philosophy of mirror symmetry that symplectic geometry is mirror to complex
geometry to prove a symplectic version of the above result. Namely, given a
tropical hypersurface Ξ in Rn we construct a Lagrangian PL lift Ξˆ in (C∗)n
(different from the one in complex geometry, but similar) and we prove the
following:
Theorem 1.1. Given a smooth tropical hypersurface Ξ in R2 or R3, there is
a one parameter family of smooth Lagrangian submanifolds Lt of respectively
(C∗)2 or (C∗)3 such that Lt is homeomorphic to the PL lift Ξˆ of Ξ and converges
to it in the Hausdorff topology as t→ 0.
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2 DIEGO MATESSI
The main building blocks in the proof of this theorem are certain Lagrangian
submanifolds inside the cotangent bundle of a real torus, which we call La-
grangian pairs of pants. These are the Lagrangian lifts of tropical hyperplanes.
After introducing these objects, in this paper we prove the theorem in the case
of tropical curves in R2. We will also give some examples of Lagrangian lifts of
non-smooth tropical curves and discuss several examples of Lagrangian subman-
ifolds in toric varieties, including two examples of monotone Lagrangian tori in
P2 and in P1×P1. As we were writing this paper we learned that Mikhalkin also
has a similar construction for the case of tropical curves in Rn. In discussions
we had with him he told us about his forthcoming paper [18], where he will
also give some interesting applications to enumerative problems of special La-
grangian submanifolds. He also told us a very nice way to use Lagrangian lifts
of tropical curves to construct examples of non-orientable Lagrangian surfaces
in C2, see §6.2 for a sketch of this idea.
The restriction to smooth tropical hypersurfaces in R2 or R3 is due to techni-
cal difficulties (analytic and combinatorial) which we could not for the moment
overcome, but we are convinced that the statement should be provable for
general tropical subvarieties of any codimension using substantially the same
method. Since the proof of Theorem 1.1 for the 3-dimensional case is longer
and technically more difficult we decided to write it in a separate paper [17].
1.2. Lagrangian pairs of pants. Given a real, n-dimensional torus T , a La-
grangian coamoeba inside T is a subset C which topologically is given by two
copies of an n-dimensional simplex glued together at the vertices (see Figure
2). The name is inspired by the objects with the same name in the context
of complex tropical geometry ([24], [23]). Lagrangian coamoebas are naturally
dual to tropical hyperplanes, in particular there is an inclusion reversing dual-
ity between faces of C and cones of the tropical hyperplane. We find a smooth
function F : C → R such that the graph of its differential in the cotangent
bundle T ∗T of T extends to a smooth embedding of the real blow up of C
at its vertices. A Lagrangian pair of pants is the image L of this embedding.
Now observe that T ∗T is symplectomorphic to (C∗)n, thus we have that L is
a Lagrangian submanifold of (C∗)n. If we project to Rn via the Log map, the
image of L resembles the amoeba of a complex hyperplane (see Figure 4).
1.3. Lagrangian PL lifts of tropical hypersurfaces. Roughly speaking a
tropical hypersurface Ξ in Rn is a union of (n − 1)-dimensional rational poly-
hedra glued along faces. To each polyhedron we attach a weight, i.e. a positive
integer, and we require a balancing condition at the intersections of these poly-
hedra. The most basic examples are the tropical hyperplanes, these consist
of the non-smooth locus of the function min(0, x1, . . . , xn). The smoothness
condition in the statement of Theorem 1.1 consists in requiring that an (n−2)-
dimensional face is the intersection of exactly three polyhedra and that locally
near this face Ξ looks like a tropical line times the face. The polyhedra, in the
smooth case, are unweighted. A Lagrangian PL lift of Ξ is a subset Ξˆ of (C∗)n
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such that the following diagram commutes
(1)
Ξˆ (C∗)n
Ξ Rn
where the horizontal arrows are the inclusions and the vertical one is the Log
map. Let us view (C∗)n as Rn × (Rn/Zn). Given a point b in the interior of an
(n− 1)-dimensional face of Ξ, the fibre over b in Ξˆ is the circle spanned by the
orthogonal complement to the face. More generally if b is a point in the interior
of a k-dimensional face of Ξ then the fibre is an (n− k) dimensional coamoeba
inside the sub-torus spanned by the orthogonal complement of the face. This
ensures that Ξˆ is a topological submanifold which is Lagrangian at smooth
points. For instance, in the case of a tropical hyperplane Γ, its k-dimensional
faces (or cones) are labeled by ΓJ , where J is a multi index of length k. The
n − k-dimensional face of the Lagrangian coamoeba C which is dual to ΓJ is
labeled by EJ . We have that the lift of ΓJ is
ΓˆJ = ΓJ × EJ
and the lift of Γ is the union of the lifts of all of its cones.
1.4. Sketch of the proof of Theorem 1.1. One of the interesting properties
of Lagrangian pairs of pants is that the image of a neighborhood of a face EJ
is also the graph of the differential of another function defined on the lift ΓˆJ of
ΓJ . This function is a Legendre transform of F (see Corollary 3.26). This is
the key idea which allows us to glue together Lagrangian pairs of pants to build
the family Lt of Theorem 1.1. In fact if Ξ is a smooth tropical hypersurface,
every vertex locally looks like a tropical hyperplane, thus we can locally replace
the PL lift with a Lagrangian pair of pants. Then we need to glue together
Lagrangian pairs of pants over vertices which lie on the same face. This can
be done by perturbing the functions defined on the lift of this face (i.e. the
Legendre transforms of F ). This program is particularly simple in the case of
tropical curves in R2 (see Section 4).
1.5. Generalizations and examples. In Sections 5 and 6 we give various
examples and discuss possible generalizations of the construction. For instance
we sketch how to lift tropical curves in higher codimensions, we give some
examples of lifts of non-smooth tropical curves and we show how the same
tropical curve admits various Lagrangian lifts obtained by twisting a given lift
by local sections. Finally we give various examples of Lagrangian submanifolds
of toric varieties. The idea to construct surfaces inside toric and almost toric
varieties by lifting curves in the moment polytope can also be found in the work
of Symington, see Definition 7.3 and Theorem 7.4 of [27]. The complement of
the toric boundary of a smooth toric variety is symplectomorphic to ∆o × T ,
where ∆o is the interior of a Delzant polytope ∆ ⊂ R2 and T is the 2-torus.
Thus we can lift a tropical curve Ξ in ∆ to a Lagrangian submanifold of ∆o×T
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and then take its closure L in the toric variety X∆. The topology of L depends
on how the edges of Ξ hit the boundary of ∆. For instance L may or may not
have boundary. In particular, if the edges of Ξ end on the vertices of ∆ and
“bisect” the angle at these vertices, then L is smooth without boundary. For
example the lifts of the tropical curves in Figures 12 and 13 are Lagrangian tori
respectively in P2 and P1 × P1. One interesting case, which was pointed out to
us by Mikhalkin (see also his forthcoming article [18]), is when the edges hit the
boundary with “multiplicity two”, in which case taking the closure has the effect
of gluing in a Mo¨bius strip. This produces examples of non-orientable surfaces,
see Figure 14 for an example of a tropical curve which lifts to a Lagrangian
surface in C2 with Euler characteristic −4.
We can also construct two interesting examples of monotone Lagrangian tori
in P2 and in P1 × P1. These are the lifts respectively of the tropical curves in
Figure 15 and 17. We do not know whether these examples are Hamiltonian
isotopic to other known monotone tori ([9], [28], [1]).
1.6. Mirror symmetry. Let us view the results in this article in the context
of mirror symmetry, which is one of our main motivation for this work. The
homological mirror symmetry conjecture states that given two mirror Calabi-
Yau manifolds X and Xˇ then the derived Fukaya category DbFuk(Xˇ) of Xˇ
should be equivalent to the derived category of coherent sheaves DbCoh(X) of
X. Objects in the former category are Lagrangian submanifolds with vanishing
Maslov class. In the Strominger-Yau-Zaslow (SYZ) interpretation of mirror
symmetry, two mirror Calabi-Yau manifolds X and Xˇ should come with dual
special Lagrangian torus fibrations f : X → B and fˇ : Xˇ → B. These
fibrations in general have singular fibres, so let B0 be the locus of smooth fibres.
The Lagrangian condition implies that B0 carries an integral affine structure,
thus locally B looks like MR = M ⊗ R, where M is an n-dimensional lattice
(i.e. M ∼= Zn). If we view X as a complex manifold and Xˇ as a symplectic
one, the duality condition on the two fibrations imply that locally X looks like
MR × MR/M and Xˇ looks like MR × NR/N , where N = Hom(N,Z). The
integral affine structure makes of B an ambient space where we can define
tropical subvarieties. So let Ξ be a d-dimensional tropical subvariety of B with
boundary on the discriminant locus ∆ = B−B0 of the fibration. Now X is the
natural ambient space where to define a complex PL lift of Ξ, i.e. where the
fibres over d-dimensional faces in a diagram such as (1), are the tangent spaces.
With suitable assumptions on how Ξ interacts with the discriminant locus, the
complex PL lift of Ξ should be a 2p-dimensional topological submanifold, or
a (d, d)-cycle. On the other hand Xˇ is the natural ambient space where to
define the Lagrangian PL lifts of Ξ, where the fibres are the orthogonal spaces
to the tangent spaces. We view such lifts as (d, n − d)-cycles. If we naively
consider the complex and Lagrangian PL lifts as actual complex and Lagrangian
subvarieties, we could formulate the homological mirror symmetry conjecture
by stating that different Lagrangian lifts of the same tropical subvariety should
correspond to coherent sheaves supported on the complex lift.
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Although this statement is just a very rough approximation, aspects of this
program have already been carried out in the literature to various degrees of
precision and depth. For instance Section 6.3 of [2] discusses this correspon-
dence in the case X is endowed with the semiflat complex structure and the
tropical varieties are integral affine submanifolds. In this case there are no
singular fibres and the complex and Lagrangian PL lifts are actually complex
and Lagrangian smooth submanifolds. In [11], together with Gross we propose
an explicit correspondence between certain Lagrangian and complex lifts in the
case of toric Calabi-Yau manifolds and we find some evidence that this corre-
spondence should induce an equivalence of derived categories. In this case the
underlying tropical subvarieties are just disks with boundary on the discrimi-
nant locus. Similar results are proved in [8] and [7].
A deeper justification for naming the above lifts (d, d)-cycles or (d, n − d)-
cycles comes from so called tropical homology. Indeed Itenberg, Katzarkov,
Mikhalkin and Zharkov [14] consider similar cycles which define certain (p, q)-
homology groups of a tropical variety and show that the dimensions of these
groups match the Hodge numbers of the corresponding complex variety. Similar
cycles and homology groups have been defined in [26].
One major difficulty in this program is to prove tropical to complex cor-
respondence theorems in the Calabi-Yau setting and for tropical subvarieties
of arbitrary dimension. So far such results have been proved for curves or
hypersurfaces inside toric varieties [20], [19], [22]. One of the goals of the
Gross-Siebert program is to prove tropical to complex correspondence theo-
rems in the case of toric degenerations of families of Calabi-Yau varieties via
logarithmic geometry ([12], [13]). Constructing smooth Lagrangian lifts of trop-
ical subvarieties in the Calabi-Yau case should be easier. Indeed together with
Castan˜o-Bernard we have constructed Lagrangian fibrations on a large class of
symplectic Calabi-Yau manifolds [5]. Therefore it should be possible to con-
struct smooth Lagrangian lifts of tropical subvarieties in the same way as done
here, but with an additional analysis of the interactions with the singular fibres
(see for instance the constructions in [11] or, at a topological level, in [6]).
1.7. Structure of the paper. In Section 2 we give some background on trop-
ical geometry, we introduce Lagrangian coamoebas and define the Lagrangian
PL lifts of tropical hypersurfaces. In Section 3 we define the Lagrangian pair
of pants and prove many of its properties. In Section 4 we prove Theorem 1.1
for the case of tropical curves in R2. In Section 5 we discuss various general-
izations, such as the construction of different lifts of the same tropical curve,
examples of lifts of non-smooth tropical curves and the case of curves in Rn.
In Section 6 we give various examples of Lagrangian lifts inside toric varieties.
In the Appendix we prove the technical result showing that the Hessian of the
function used to define the Lagrangian pair of pants is negative definite.
1.8. Notation. Throughout the paper we will use the following notations.
Given a set of vectors u1, . . . , uk in a vectors space V , the cone generated by
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these vectors is the set
Cone{u1, . . . , uk} =
{
k∑
j=1
tjuj | tj ∈ R≥0
}
.
Given a subset A of an affine space, we will denote the convex hull of A by
ConvA.
Given a subset W of an affine space, the notation
IntW
stands for the relative interior of W . Namely, we consider the smallest affine
subspace containing W , then IntW will be the topological interior relative to
this affine subspace. This for examples applies to faces of polyhedra or cones.
Acknowledgments. I wish to thank Mark Gross for suggesting this prob-
lem, Ricardo Castan˜o-Bernard for many discussions and Grigory Mikhalkin for
sharing many of his ideas on tropical to Lagrangian correspondences. I was
partially supported by the grant FIRB 2012 “Moduli spaces and their applica-
tions” and by the national research project “Geometria delle varieta` proiettive”
PRIN 2010-11. I am a member of the INDAM research group GNSAGA.
2. Tropical hypersurfaces and their piecewise linear lifts
2.1. The set-up. Let M ∼= Zn+1 be a lattice of rank n + 1 and let N =
Hom(M,Z) be its dual lattice. We define MR := M ⊗Z R and similarly NR.
Since MR is the dual of NR the space MR ⊕NR has a natural symplectic form
ω(m⊕ n,m′ ⊕ n′) = 〈m,n′〉 − 〈m′, n〉
where 〈·, ·〉 is the duality pairing. We will consider the n+ 1-dimensional torus
T = NR/N
whose cotangent bundle is
T ∗T = MR ×NR/N.
Then ω is the standard symplectic form on T ∗T . The projection
f : T ∗T →MR
is a Lagrangian torus fibration. The goal of this section is to define tropical
hypersurfaces Ξ in MR and their piecewise linear Lagrangian lifts Ξˆ (see (1)).
We will often identify MR with Rn+1 by choosing a basis {u1, . . . , un+1} of
M and denote the corresponding coordinates in MR by x = (x1, . . . , xn+1).
Similarly we also identify NR with Rn+1 by choosing a basis {u∗1, . . . , u∗n+1} of
NR such that
(2) 〈u∗j , uk〉 =
1
pi
δjk
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and denote the corresponding coordinates by y = (y1, . . . , yn+1). In particular
N is identified with piZn+1 and thus
(3) T = Rn+1/piZn+1.
We denote by [y] the element of T represented by y. The symplectic form ω
becomes
(4) ω =
1
pi
n+1∑
i=1
dxi ∧ dyi.
We also have that T ∗T is symplectomorphic to (C∗)n with the symplectic form
ω =
i
4pi
n+1∑
k=1
dzk ∧ dz¯k
|zk|2 ,
via the symplectomorphism (xk, yk) 7→ zk = exk+i2yk .
We will also consider the following set of symplectic automorphisms of T ∗T .
Definition 2.1. Let A : NR → NR be an integral linear automorphism, i.e. a
linear automorphism such that A(N) = N , and let x0 ∈ MR and [y0] ∈ T be
two points. An affine automorphism of T is a map ρ : T → T of the type
ρ([y]) = [y0 + Ay] .
We define the affine automorphism of MR associated to ρ and x0 to be the map
ρ∗x0(x) = x0 + (A
t)−1x,
where At is the transpose of A. The affine (symplectic) automorphism of T ∗T
associated to ρ and x0 is the map ρˆx0 : T
∗T → T ∗T given by
ρˆx0(x, [y]) =
(
ρ∗x0(x), ρ([y])
)
,
Clearly ρˆx0 takes the fibre f
−1(0) to the fibre f−1(x0).
2.2. Tropical hypersurfaces. A subset P ⊂ NR is a convex lattice polytope
if it is the convex hull of a finite set of points in N . A subdivision of P in smaller
lattice polytopes P1, . . . , Pk is called regular if there exists a convex piecewise
affine function ν : P → R, such that ν is integral, i.e. ν(P ∩N) ⊂ Z, and the
Pi’s coincide with the domains of linearity of ν. With a slight abuse of notation
the pair (P, ν) will also denote the set of simplices in the decomposition, i.e.
all the Pk’s and all of their faces of any dimension. Therefore we will write
e ∈ (P, ν) to indicate that e is a simplex in the decomposition. The relation of
inclusion among faces will be denoted by
f  e.
We say that the subdivision is unimodal if all the Pi’s are elementary simplices.
The discrete Legendre transform of ν is defined to be the following function
νˇ : MR → R:
(5) νˇ(m) = min{〈v,m〉+ ν(v), v ∈ P ∩N}.
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Also νˇ gives a decomposition of MR in the convex polyhedra given by the
domains of linearity of ν. As above, the pair (MR, νˇ) will also denote the set of
all polyhedra in the subdivision and their faces.
Definition 2.2. The tropical hypersurface associated to the pair (P, ν) is the
subset Ξ ⊂ MR given by the points where νˇ fails to be smooth, i.e. it is the
union of polyhedra of (MR, νˇ) of dimension at most n. We say that Ξ is smooth
if the subdivision of P induced by ν is unimodal.
Example 2.3. Let M = Zn+1 and let P be the standard simplex (i.e. the
convex hull of the origin and the canonical basis of Zn+1). Let ν be the zero
function. Then
νˇ = min{0, x1, . . . , xn+1}.
The corresponding tropical hypersurface is called the standard tropical hyper-
plane (see next section).
P
Ξ
Figure 1. The polytope P and the tropical curve Ξ.
Example 2.4. Let P = Conv{(0, 0), (1, 2), (2, 1)} with its unique unimodal
subdivision (see Figure 1). It is induced by a piecewise affine function ν such
that ν(0, 0) = 1 and ν(2, 1) = ν(1, 2) = ν(1, 1) = 0. Then we have
νˇ(x1, x2) = min{1, x1 + x2, 2x1 + x2, x1 + 2x2}
and the corresponding tropical curve Ξ is as in Figure 1.
The subdivision (MR, νˇ) is dual to the subdivision (P, ν). The n+ 1 dimen-
sional polyhedra of (MR, νˇ) are the closures of the connected components of the
complement of Ξ. These are in bijection with the vertices of (P, ν). Let us de-
note this bijection by v 7→ vˇ for all v ∈ P . The polyhedron vˇ is the region where
the minimum in (5) is attained by the affine function m 7→ 〈v,m〉+ ν(v). Sim-
ilarly there is a bijection between k-dimensional faces of (P, ν) and (n+ 1)− k
dimensional faces of (MR, νˇ), which we denote by
e 7→ eˇ.
We have that eˇ is the locus where the minimum in (5) is attained by the affine
functions corresponding to the vertices of e. In particular n-dimensional faces
of Ξ correspond to edges in (P, ν). If v1 and v2 are the vertices of e, eˇ lies in a
hyperplane orthogonal to v1 − v2.
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2.3. The tropical hyperplane. Let {u1, . . . , un+1} be a basis of M inducing
coordinates x = (x1, . . . , xn+1) on MR. As already mentioned in the previous
section, the standard tropical hyperplane in MR is the tropical hypersurface Γ
given by the non-smooth locus of the function min{0, x1, . . . , xn+1}. It can be
described as the union of the following cones. Let
(6) u0 = −
n+1∑
j=1
uj.
Given a proper subset J ( {0, . . . , n+ 1} let |J | be its cardinality and let
ΓJ = Cone{uj, j ∈ J}.
For convenience let us also define
Γ∅ = {0},
which is the vertex of Γ. We have that
Γ =
⋃
0≤|J |≤n
ΓJ .
Recall from toric geometry that the collection of all cones ΓJ (including those
of dimension n+ 1) forms the fan of Pn+1 which we denote here by ΣΓ, i.e.
ΣΓ = {ΓJ}0≤|J |≤n+1.
Thus Γ can be viewed as the n-skeleton of ΣΓ.
2.4. Lagrangian coamoebas. Here we define the Lagrangian coamoeba in the
torus T = NR/N , which is dual to the tropical hyperplane. Let {u∗1, . . . , u∗n+1}
be the basis of NR satisfying (2). Thus the torus T is as in (3). Consider the
points
p0 = 0 and pk =
pi
2
u∗k, (k = 1, . . . , n+ 1).
Denote by C+ the set of points [y] ∈ T which are represented either by a vertex
or by an interior point of the (n + 1)-dimensional simplex with vertices the
points p0, . . . , pn+1. Let C
− be the image of C+ with respect to the involution
[y] 7→ [−y]. The (standard) (n + 1)-dimensional Lagrangian coamoeba is the
set C = C+ ∪ C− (see Figure 2). Notice that this definition makes sense also
when n = 0, in which case C = R/piZ. The points [p0], . . . , [pn+1] are called the
vertices of C.
For any subset J ( {0, . . . , n + 1}, denote by E+J the set of points [y] ∈ T
which are represented either by a vertex or by a point in the relative interior
of the (n + 1 − |J |)-dimensional simplex with vertices the points {pk}k/∈J . We
let E−J be the image of E
+
J via the involution [y] 7→ [−y]. We define the J-th
face of C to be the set EJ = E
+
J ∪ E−J . Clearly EJ is homeomorphic to an
(n + 1 − |J |)-dimensional Lagrangian coamoeba. If J = {j} then we denote
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EJ by Ej and we call it the j-th facet of C. The closures E¯J of the J-th faces
satisfy
E¯j =
{
[y] ∈ C¯ | 〈uj, y〉 = 0 mod Z
}
, when j = 1, . . . , n+ 1
E¯0 =
{
[y] ∈ C¯ | 〈u0, y〉 = pi
2
mod Z
}
,
E¯J =
⋂
j∈J
E¯j.
where u0 is the vector defined in (6). For convenience we also define
E∅ = C.
Faces of dimension 1 (i.e. when |J | = n) are called edges. Notice that if we
denote by Jk the complement of k in {0, . . . , n+ 1}, then
pk = EJk .
C−
C+ C
+
C−
Figure 2. The 2 and 3 dimensional standard coamoebas. Notice
that they contain their vertices but they do not contain any of
their higher dimensional faces.
There is a one to one inclusion reversing correspondence between faces of
C and cones of ΣΓ where EJ corresponds to ΓJ . For instance vertices of C
correspond to n+ 1-dimensional cones.
2.5. The Lagrangian PL-lift of Γ. For every subset J ⊂ {0, . . . , n+ 1} with
0 ≤ |J | ≤ n, consider the following n+ 1 dimensional subsets of MR × T :
(7) ΓˆJ = ΓJ × EJ .
The piecewise linear lift (or PL-lift) of Γ is defined to be
(8) Γˆ =
⋃
0≤|J |≤n
ΓˆJ .
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Notice that when n = 1, then Γˆ is homeomorphic to S2 with three punctures,
i.e. to a pair of pants. Therefore we call Γˆ the PL-pair of pants.
2.6. Symmetries of Γ and C. For every k = 1, . . . , n+1 let Rk be the unique
affine automorphism of T which maps C+ to itself, exchanges the vertices p0
and pk and fixes all other vertices. Define G to be the group generated by the
maps Rk. We have that G acts on the coamoeba C. The elements Rk permute
the faces of C according to the following rule. Let Rk act on the set of indices
{0, . . . , n + 1} as the transposition which exchanges 0 and k and extend this
action to the set of subsets J ⊆ {0, . . . , n+ 1} . Then clearly
RkEJ = ERkJ .
Dually let us define the group acting on Γ. Let R∗k be the affine automorphism
of MR associated to Rk and the origin (see Definition 2.1). It can be seen that
R∗k maps Γ to itself. Indeed if u0, . . . , un+1 are the vectors in MR as in §2.3,
then R∗k is the unique linear map which exchanges u0 and uk and fixes all other
uj’s. More explicitly
R∗k(x) = (x1 − xk, . . . , xk−1 − xk, −xk, xk+1 − xk, . . . , xn+1 − xk).
We have that R∗k permutes the cones of ΣΓ according to the rule
(9) R∗kΓJ = ΓRkJ .
Denote by G∗ the group generated by the transformations R∗k. Then G
∗ acts
on Γ. It is easy to see that
Rk : y 7−→ (R∗k)t(y) + pk
where (R∗k)
t is the transpose of R∗k.
We can combine the actions of G and G∗ to get an action on the PL-pair of
pants Γˆ via the following affine symplectic automorphisms of T ∗T :
(10) Rk(x, y) = (R
∗
kx,Rky).
Let G be the group generated by the Rk’s. Then G acts on Γˆ.
2.7. Lagrangian piecewise linear lifts of tropical hypersurfaces. We as-
sume now that Ξ is a smooth tropical hypersurface in MR given by a pair
(P, ν) as in §2.2 and we define its PL-lift Ξˆ inside MR × NR/N . Given a k-
dimensional face e ∈ (P, ν), with k = 1, . . . , n+ 1, let eˇ be the dual (n+ 1)− k
dimensional face of Ξ. We will use the involution ι of MR × NR/N given by
ι : (x, [y]) 7→ (x, [−y]). Define the following subsets of NR/N :
C¯+e = {[y] ∈ NR/N | 2(y − k) ∈ e for some k ∈ N},
C¯−e = ι
(
C¯+e
)
,
C¯e = C¯
+
e ∪ C¯−e .
A point [y] ∈ NR/N is a vertex of C¯e if 2(y−k) is a vertex of e for some k ∈ N .
We define C+e (resp. C
−
e and Ce) to be the set of points [y] which are either
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vertices or relative interior points of C¯+e (resp. C¯
−
e and C¯e). Clearly C¯
+
e (resp.
C¯−e and C¯e) is the closure of C
+
e (resp. C
−
e and Ce).
Now define the Lagrangian lift of eˇ to be
eˆ = eˇ× Ce.
Clearly eˆ is (n+1)-dimensional, moreover the tangent space of Ce is the orthog-
onal complement of the tangent space to eˇ, thus the interior of eˆ is a Lagrangian
submanifold of MR ×NR/N . We define the Lagrangian PL-lift of Ξ to be
Ξˆ =
⋃
e
eˆ
where the union is over all faces in (P, ν) of dimensions k = 1, . . . , n + 1.
It can be shown that Ξˆ is an (n + 1)-dimensional topological submanifold of
MR ×NR/N .
Example 2.5. Let us consider Ξ given in Example 2.4. Then the edges of Ξ
correspond to the edges of (P, ν). If eˇ is an edge of Ξ, then Ce coincides with
e and eˆ is a cylinder. If eˇ is a vertex of Ξ, then e is one of the two dimensional
simplices of (P, ν). The sets Ce are drawn in Figure 3
Figure 3.
Given a k-dimensional polyhedron eˇ of Ξ, define the star-neighborhood of eˇ
to be the union of the polyhedra of Ξ which contain eˇ, i.e.
(11) Ξeˇ =
⋃
fe, dim f≥1
fˇ .
Similarly define its lift
Ξˆeˇ =
⋃
fe dim f≥1
fˆ .
3. Lagrangian pairs of pants
In this section we consider the torus T = NR/N and its cotangent bundle
T ∗T = MR × T . We assume that coordinates y = (y1, . . . , yn+1) are chosen on
T so that T is as in (3). The dual coordinates (see §2.1) on the cotangent fibre
MR are x = (x1, . . . , xn+1)
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3.1. The construction. We construct a smooth Lagrangian lift of the stan-
dard tropical hyperplane which we call a Lagrangian pair of pants. It can be
considered as a Lagrangian smoothing of the PL-pair of pants Γˆ
Definition 3.1. The real blow up of the coamoeba C at its vertices is the smooth
manifold C˜ defined as follows. If p is one of the vertices p0, . . . , pn+1 of C and
Up ⊂ C a small neighborhood of p let
U˜p = {(q, `) ∈ Up × RPn | q − p ∈ `},
where ` is a line through the origin in Rn+1, which we think as a point of RPn+1.
The real blow up of C at p is formed by gluing U˜p to C − p via the projection
map U˜p → Up. We define C˜ to be the blow up of C at all vertices. We denote
by pi : C˜ → C the natural projection. Clearly we can identify C˜ −∪n+1j=0pi−1(pj)
with C−{p0, . . . , pn+1} via pi. Notice that when EJ is a face of C of dimension
greater that 1, then it is also a coamoeba inside a smaller dimensional torus,
therefore we can define its blow-up which we denote by E˜J .
It is easy to see that when n = 1, C˜ is diffeomorphic to S2 with three
punctures. Let G be the group acting on C defined in §2.6. We have the
following easy fact
Lemma 3.2. The action of G on C lifts to an action on C˜.
The goal is to construct a Lagrangian embedding Φ : C˜ → T ∗T . We say that
an embedding Φ is a graph over C˜ if there exists a smooth map h : C˜ → MR
such that Φ is of the type
(12) Φ(q) = (h(q), pi(q)).
Clearly, Φ(C˜ −∪n+1j=0pi−1(pj)) is the graph over C −{p0, . . . , pn+1} of the map
h. Given a smooth function F : C − {p0, . . . , pn+1} → R, we can construct the
graph of the exact one form dF , i.e. the graph of the map h defined by
h = (Fy1 , . . . , Fyn+1),
where Fyj denotes the partial derivative of F with respect to yj. In this case
the graph is Lagrangian, but in general the map h does not extend smoothly
to C˜. We say that h defines the graph of an exact one form over C˜ if both
F and h extend smoothly to C˜ and the map Φ defined by h via (12) is an
embedding. By continuity, Φ(C˜) continues to be Lagrangian. The following is
a key example.
Example 3.3. Let us study an example of a graph of an exact one form defined
on the blowup U˜p of a neighborhood Up of a vertex p. Assume for convenience
that p is the point p0 = 0. Let U
±
p = Up ∩ C±. Define
(13) F (y) =

(∏n+1
j=1 yj
) 1
n+1
on U+p ,
(−1)n
(∏n+1
j=1 yj
) 1
n+1
on U−p .
14 DIEGO MATESSI
Notice that F is always well defined and odd. Let us prove that h = (Fy1 , . . . , Fyn+1)
extends to a smooth map on U˜p. We have
Fyj =
F (y)
(n+ 1)yj
.
Coordinates on U˜p are given by (α1, . . . , αn, t), with t ∈ R and αj > 0, and the
map pi is
(14) pi : (α1, . . . , αn, t) 7→ (tα1, . . . , tαn, t)
In these coordinates, h lifted to U˜p becomes
h(t, α2, . . . , αn+1) =
(
(
∏
αj)
1
n+1
(n+ 1)α1
, . . . ,
(
∏
αj)
1
n+1
(n+ 1)αn
,
(
∏
αj)
1
n+1
n+ 1
)
,
which clearly is a smooth function on U˜p. Similarly also F extends to a smooth
function on U˜p. Notice that we have the identity
(n+ 1)n+1
n+1∏
k=1
Fyk = 1
thus the image of h is contained in the hypersurface
(15) S0 : (n+ 1)
n+1x1 . . . xn+1 = 1 and xj > 0,∀j.
Indeed h restricted to t = 0 gives a diffeomorphism from pi−1(p0) to this
hypersurface. To see this, identify pi−1(p0) with (R>0)n via the coordinates
(α1, . . . , αn). Then an inverse of h restricted to pi
−1(p0) is the map
(x1, . . . , xn+1) 7→
(
xn+1
x1
, . . . ,
xn+1
xn
)
restricted to S0. This implies that Φ is an embedding of U˜p.
We can now give our global example. Define the following function F on C:
(16) F (y) =

(
cos
(∑n+1
j=1 yj
)∏n+1
j=1 sin yj
) 1
n+1
on C+,
(−1)n
(
cos
(∑n+1
j=1 yj
)∏n+1
j=1 sin yj
) 1
n+1
on C−.
We have that F is well defined on C and vanishes on the boundary of C.
Moreover F has a similar structure as the function in (13) and in fact it is
modeled on it. Notice that as y approaches p0, the factors sin yj are asymptotic
to yj, moreover the first factor appearing in the expression of F does not vanish
at p0. Thus F vanishes at p0 to the same order as the function defined in (13).
The reason for the first factor in F comes from requiring that F has the same
order of vanishing at all other vertices as well. Let G be the group acting on C
defined in §2.6, then we have
Lemma 3.4. The function F is G invariant.
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These facts guarantee the following.
Lemma 3.5. Let F : C → R be defined as in (16). Then h = (Fy1 , . . . , Fyn+1)
extends smoothly to a map on C˜ and the map Φ defined in (12) is a Lagrangian
embedding of C˜.
Proof. Let us prove that h extends smoothly to the blow up U˜p of a neighbor-
hood Up of the vertex p0. Up to a sign, which we ignore for the moment, we
have that
(17) Fyj =
cos
(
2yj +
∑
k 6=j yk
)∏
k 6=j sin yk
(n+ 1)
(
cos
(∑n+1
k=1 yk
)∏n+1
k=1 sin yk
) n
n+1
The first factors in the numerator and denominator do not vanish at p0 so we
can ignore them. We treat the remaining factors by passing to the coordinates
(α1, . . . , αn, t) on U˜p as in Example 3.3. We have that if j 6= n+ 1, then∏
k 6=j sin yk(∏n+1
k=1 sin yk
) n
n+1
=
sin t
∏
k 6=j sin(tαk)
(sin t
∏
sin(tαk))
n
n+1
=
= ±
sin t
t
∏
k 6=j
sin(tαk)
t(
sin t
t
∏ sin(tαk)
t
) n
n+1
,
where the sign in the last equality is determined by the expression t
n
(tn+1)
n
n+1
,
which is (−1)n when t < 0 and 1 when t > 0. Of course the functions sin(tαk)
t
extend smoothly across t = 0 to a non zero value. Thus Fyj extends smoothly
to U˜p. The factor (−1)n in (16) guarantees that the expressions for Fyj on U+p
and U−p extend smoothly to the same function (as in Example 3.3). Similarly
we have that when j = n+ 1∏
k 6=n+1 sin yk(∏n+1
k=1 sin yk
) n
n+1
= ±
∏ sin(tαk)
t(
sin t
t
∏ sin(tαk)
t
) n
n+1
,
which is smooth. We also have
(18) h|t=0 =
(
(
∏
αj)
1
n+1
(n+ 1)α1
, . . . ,
(
∏
αj)
1
n+1
(n+ 1)αn
,
(
∏
αj)
1
n+1
n+ 1
)
,
which is the same function as in Example 3.3. Thus h maps the set pi−1(p)
diffeomorphically onto the hypersurface S0 defined in (15).
By the symmetries of F given in Lemma 3.4 the behavior of F at the other
vertices pk is the same as in p0. This completes the proof of the Lemma. 
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Remark 3.6. Observe that the function (16) is smooth when lifted to C˜. In
fact, if we write F in the above coordinates on U˜po
F = t
(
cos
(
t
(
1 +
∑
αj
)) sin t
t
∏ sin(tαj)
t
) 1
n+1
.
which is smooth.
Definition 3.7. We call the submanifold L = Φ(C˜) the standard (n + 1)-di-
mensional Lagrangian pair of pants. Given λ > 0, let Φλ be the embedding
constructed from hλ = (λFy1 , . . . , λFyn+1) via (12). Then, if λ 6= 1, we call
Φλ(C˜) a rescaled Lagrangian pair of pants
We have the following consequence of Lemmas 3.2 and 3.4
Lemma 3.8. Given a transformation Rk as in §2.6, the map h : C˜ → MR
defined using F satisfies
h(Rk(y)) = R
∗
kh(y).
In particular the group G acts on an (n + 1)-dimensional Lagrangian pair of
pants.
We have one last symmetry. Consider the involution of the torus ι : [y] 7→
[−y]. Clearly ι maps C to itself and exchanges C+ with C−.
Lemma 3.9. The function F satisfies F (ι(y)) = −F (y) and h satisfies h(ι(y)) =
h(y). Therefore ι acts on a Lagrangian pair of pants.
3.2. The image of h. Define the following subsets:
H0 =
{
(x1, . . . , xn+1) |xj ≥ 0 and x1x2 . . . xn+1 ≤ 1
(n+ 1)n+1
}
,
Hk = R
∗
kH0.
Recall that we defined Jk to be the complement of k in {0, . . . , n+1} (see §2.4).
Then H0 ⊂ ΓJ0 and Hk ⊂ ΓJk , see (9). An extended description of Hk is
Hk =
{
tku0 +
∑
l 6=k
tlul | tl ≥ 0 ∀l and t1t2 . . . tn+1 ≤ 1
(n+ 1)n+1
}
.
Let
(19) H =
n+1⋃
l=0
Hl.
If S0 is the hypersurface defined in (15) let
(20) Sk = R
∗
kS0.
Then the boundary of H is
∂H =
n+1⋃
l=0
Sl.
In this section we will prove the following
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Proposition 3.10. Assume n = 1 or 2. The image of h : C˜ → MR is H.
Moreover h defines a diffeomorphism between IntC+ and IntH.
Figure 4.
The statement must be true for all values of n, but unfortunately we have
a complete proof only in these dimensions, the main difficulty is proving that
h is a local diffeomorphism. We prove this for n = 1 and 2 in the Appendix,
Proposition 7.1.
Figure 4 depicts H in the case n = 1. It clearly resembles the amoeba of a
complex hyperplane in (C∗)2. Lemma 3.9 allows us to restrict to C+.
Definition 3.11. For every pair of vertices pk and pj of C
+, let δjk be the
hyperplane that contains all vertices different from pk and pj and passes through
the middle point of the edge from pk to pj. This hyperplane cuts C
+ in two
halves. We denote by ∆jk the half which contains pk.
Clearly, the set of hyperplanes δjk cuts C
+ into the first barycentric subdivi-
sion of C+. We have the following inequalities defining ∆jk
(21) ∆j0 =
{
y ∈ C+ | 2yj +
∑
k 6=j
yk ≤ pi
2
}
and when j, k 6= 0
(22) ∆jk =
{
y ∈ C+ | yk − yj ≥ 0
}
.
For every face E+J of C
+ let W+J denote its star neighborhood, i.e. the union of
simplices of the barycentric subdivision whose closures contain the barycenter
of E+J . We have that
(23) W+J =
⋂
k/∈J,j∈J
∆jk.
As usual we denote by W−J the image of W
+
J with respect to ι and
WJ = W
−
J ∪W+J ,
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W˜J = pi
−1(WJ).
We have a dual structure for H.
Definition 3.12. For every j, k = 0, . . . , n+ 1 with j 6= k let
djk = spanR{ul | l 6= j, k}
It is a codimension 1 vector subspace which divides MR in two halves. Denote
by Djk the half which contains uj.
We have the following inequalities defining Djk
Dj0 = {x ∈MR |xj ≥ 0}
and when j, k 6= 0
Djk = {x ∈MR |xj − xk ≥ 0} .
Let
(24) VJ =
⋂
j∈J,k/∈J
Djk
When 1 ≤ |J | ≤ n, VJ contains the face ΓJ of Γ and can be regarded as a
neighborhood of it, analogous to the star neighborhood WJ of the face EJ .
Moreover
VJk ∩H = Hk.
We have the following useful facts:
Lemma 3.13.
R∗l (VJ) = VRlJ ,
Rl(WJ) = WRlJ .
Proof. These are easy consequences of the definitions 
Combined with Lemma 3.8, the above lemma tells us that the behavior of h
in a neighborhood of any face is determined by its behavior in a specific one.
Recall that a vertex pk is the face EJk where Jk is the complement of k.
Lemma 3.14.
h(W˜Jk) ⊆ Hk.
Proof. By Lemmas 3.8, 3.13, 3.9 and by the definition of Hk, it is enough to
prove that
h(W+J0) ⊆ H0.
We have that h(y) ∈ H0 if and only if Fyj(y) ≥ 0 for all j and
n+1∏
j=1
Fyj(y) ≤
1
(n+ 1)n+1
.
On the other hand, y ∈W+J0 satisfies
(25) 0 ≤ yj ≤ pi
2
and 0 ≤
n+1∑
k=1
yk ≤ 2yj +
∑
k 6=j
yk ≤ pi
2
, ∀j.
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This follows from (23) and (21). In particular Fyj ≥ 0 on W+J0 since all factors
in (17) are non-negative. Moreover
n+1∏
j=1
Fyj =
∏n+1
j=1 cos
(
2yj +
∑
k 6=j yk
)
(n+ 1)n+1
(
cos
(∑n+1
k=1 yk
))n .
Inequalities (25) imply that
n+1∏
j=1
Fyj ≤
1
(n+ 1)n+1
cos
(
n+1∑
k=1
yk
)
≤ 1
(n+ 1)n+1
.

h
Figure 5. The images of star neighborhoods of vertices. Areas
with same shading (color) are matched by h.
Corollary 3.15.
h(C˜) ⊆ H.
The following lemma describes the behavior of h near the boundary of C+.
Lemma 3.16. Let EJ be a face of C of codimension 1 ≤ |J | ≤ n and let {q`}
be a sequence of points of C which converges to a point in IntEJ . Then we
have the following behaviour of h. If p0 is a vertex of EJ (i.e. 0 /∈ J) then
limhj(q`) = +∞ ∀j ∈ J,
limhk(q`) = 0 ∀k /∈ J ∪ {0}.
If p0 is not one of the vertices of EJ (i.e. 0 ∈ J), then for all i /∈ J we have
limhi(q`) = −∞,
limhj(q`)− hi(q`) = +∞ ∀j ∈ J − {0},
limhk(q`)− hi(q`) = 0 ∀k /∈ J.
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Proof. The case when p0 is a vertex of EJ follows directly from the explicit
formula (17) for hj. If p0 is not a vertex of EJ then for all i /∈ J we can apply
a transformation Ri defined in (10) to reduce to the first case. The resulting
behavior is the one described. 
Corollary 3.17. If {qk} is a sequence of points of C which converges to a point
on the boundary of C, then either {h(qk)} converges to a point on the boundary
of H or limk→+∞ ||h(qk)|| = +∞.
Proof. This follows from the previous Lemma if qk converges to the interior of
a proper face EJ of codimension at most n and from a direct inspection when
qk converges to a vertex. 
Proof of Proposition 3.10. In the Appendix, Proposition 7.1, we prove that h,
restricted to IntC+ is a local diffeomorphism. Moreover Corollary 7.5 tells us
that the Hessian of F is negative definite. The gradient of a function with
negative definite Hessian defined on a convex set must be an injective map.
Indeed let γ(t) be a segment joining two distinct points q1, q2 ∈ IntC+ with
direction v = q1 − q2, then
(26) 〈h(q2)− h(q1), v〉 =
∫ 1
0
〈dh(γ(t))
dt
, v〉dt =
∫ 1
0
〈HessF (v), v〉dt < 0.
Therefore h, restricted to IntC+, is injective. Moreover Corollary 3.15 implies
that h(IntC+) ⊂ IntH. We have already seen (see Example 3.3 and Lemma
3.5) that h restricted to pi−1(p0) is a diffeomorphism onto the hypersurface S0,
which forms one component of the boundary of H. Similarly the images of
the sets pi−1(pk) are the hypersurfaces Sk defined in (20), which give the other
components. This, together with Corollary 3.17, implies that h(C˜) = H and
h(IntC+) = IntH for topological reasons. 
All of the above also implies
Lemma 3.18.
h(W˜J) = VJ ∩H
Proof. It follows from the fact that
h(∆jk) ⊆ Djk
Using Lemmas 3.8 and 3.13 it is enough to prove the latter inclusion for the cases
∆j0. This follows from (21), which implies that if y ∈ ∆j0, then Fyj(y) ≥ 0, i.e.
h(y) ∈ Dj0. The equality of the two sets follows from surjectivity of h. 
The following Corollary gives Theorem 1.1 for the tropical hyperplane.
Corollary 3.19. Let Lλ = Φλ(C˜) ⊂ T ∗T be the family of rescaled Lagrangian
pairs of pants (see Definition 3.7) for λ ∈ (0, 1). Then, as λ→ 0, Lλ converges
in the Hausdorff topology to the PL-lift Γˆ of the tropical hyperplane Γ.
Proof. It is clear that the projection of Lλ to MR, which is equal to the set λH,
converges to Γ. The convergence of Lλ to Γˆ follows easily from the properties
h proved above. 
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3.3. Projections to faces and Legendre transform. The fact proved in
Proposition 3.10 that h gives a diffeomorphism between IntC+ and IntH im-
plies that Φ(IntC+), i.e. half of the Lagrangian pair of pants, is also the graph
of an exact one form defined over IntH. This is the classical Legendre trans-
form. Indeed let
G(x) = 〈x, y〉 − F (y),
where 〈., .〉 is the standard duality pairing between x and y. Then an elementary
calculation shows that
∂G
∂xj
= yj,
which proves that Φ(IntC+) is the graph of dG. We will now generalize this
to show that we can break up Φ(C˜) into parts which are graphs of exact one
forms over the ends ΓˆJ (see (7)) of the PL-lift Γˆ.
Definition 3.20. Given a face EJ of C of codimension 1 ≤ |J | ≤ n, let L ⊆ NR
be a vector subspace of dimension |J | which is transversal to EJ . Let UJ,L be
the set of points y ∈ IntC such that there exists a y′ ∈ IntEJ such that
y−y′ ∈ L. If such a y′ exists, it is unique by transversality. Thus we can define
the projection
yJ,L : UJ,L → IntEJ
y 7→ y′.
Recall that {pk}k/∈J is the set of vertices of EJ . Define
U˜J,L = pi
−1(UJ,L ∪ {pk}k/∈J) ⊆ C˜
Then yJ,L extends to a map yJ,L : U˜J,L → E˜J .
Dually we give the following definition.
Definition 3.21. Let ΓJ be a face of Γ. Recall that we denoted by VJ the
smallest subspace containing ΓJ . Let L be as in Definition 3.20. Define
L⊥ = {x ∈MR | 〈x, y〉 = 0 ∀y ∈ L}
Then L⊥ has dimension n+ 1− |J | and it is transversal to VJ . It thus defines
the projection xJ,L : MR → VJ , dual to yJ,L, whose fibres are parallel to L⊥.
Given a face EJ of C, let TJ be the smallest subtorus of T which contains
EJ . By construction VJ × TJ is a Lagrangian submanifold of MR × T . Given
L and L⊥ as in Definitions 3.20 and 3.21, the space (VJ × TJ) × (L⊥ × L) is
naturally a covering of MR × T and thus induces from the latter a symplectic
form. We have the following
Lemma 3.22. The choice of a vector subspace L as in Definition 3.20 induces
a natural (linear) symplectomorphism between the cotangent bundle of VJ×TJ
and (VJ × TJ)× (L⊥ × L).
22 DIEGO MATESSI
Proof. This is just linear algebra. In fact L⊥ × L can be naturally identified
with a cotangent fibre of VJ × TJ by sending the pair (`′, `) ∈ L⊥ × L to the
linear form (v, w) 7→ 〈`, v〉 − 〈`′, w〉, where v is a tangent vector in VJ and w in
TJ . The signs in this identification are chosen in order to match the symplectic
forms. 
Given L, UJ,L and U˜J,L as above, define hJ,L : U˜J,L → VJ to be the map
hJ,L = xJ,L ◦ h
and gJ,L : U˜J,L → VJ × E˜J to be
(27) gJ,L = (yJ,L, hJ,L).
Example 3.23. Given k /∈ J , consider the |J |-dimensional face of C whose
vertices are pk and all pj’s which are not vertices of EJ (i.e. j ∈ J). Let L be
the |J | dimensional subspace parallel to this face. In this case UJ,L = IntC. We
denote the corresponding projection by yJ,k. We denote the projection dual to
yJ,k in the sense of Definition 3.21 by xJ,k. For instance, when J = {1, . . . , `}
and k = 0 we have
yJ,0(y) = (y`+1, . . . , yn+1) and xJ,0(x) = (x1, . . . , x`)
and the maps hJ,0 and gJ,0 become
(28) hJ,0 = (h1, . . . , h`) and gJ,0 = (y`+1, . . . , yn+1, h1, . . . , h`).
We have the following
Proposition 3.24. Assume n = 1 or 2. The map gJ,L : U˜J,L → E˜J × VJ is a
diffeomorphism onto the open subset ZJ,L = gJ,L(U˜J,L) ⊆ E˜J × VJ . Moreover,
via the identification of the cotangent bundle of VJ × TJ with (a covering of)
MR × T given in Lemma 3.22, Φ(U˜J,L) is the graph of an exact one form over
ZJ,L obtained as the differential of a Legendre transform of F .
Proof. Using the symmetries we can assume that J = {1, . . . , `} for some ` ≤
n. In this case the torus TJ is spanned by the vectors {u∗`+1, . . . , u∗n+1}. On
the dual, VJ is spanned by the vectors {u1, . . . , u`}. We can choose a basis
{u∗1, . . . , u∗`} of L and a basis {u`+1, . . . , un+1} of L⊥ so that {u∗1, . . . , u∗n+1}
and {u1, . . . , un+1} are dual basis. Then, in the corresponding coordinates
(x, y) = (x1, . . . , xn+1, y1, . . . , yn+1) the symplectic form on MR×T is the usual
one (4) and the projections have the form
yJ,L = (y`+1, . . . , yn+1) and xJ,L = (x1, . . . , x`).
With respect to these new coordinates h continues to be the gradient of F and
the Hessian of F is still negative definite (Corollary 7.5). Let us first prove that
gJ,L is a local diffeomorphism. Away from the vertices of EJ (i.e. in UJ,L) we
have
gJ,L(y) = (y`+1, . . . , yn+1, h1(y), . . . , h`(y)).
The Hessian of F restricted to a fibre of yJ,L is negative definite, hence
det(Fyjyk)1≤j,k≤` 6= 0.
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Therefore gJ,L is a local diffeomorphism. Let p be a vertex of EJ . In the
above coordinates, we can assume that p = (0, . . . , 0). Let (α1, . . . , αn, t) be
the coordinates on a neighborhood U˜p of pi
−1(p) which satisfy (14). Then, in
these coordinates,
gJ,L = (α`+1, . . . , αn, t, h1, . . . , h`)
We have that gJ,L is a local diffeomorphism along pi
−1(p) if and only if the
matrix
(29)
(
∂hj
∂αk
)
1≤j,k≤`
is non-degenerate at t = 0. We have that for all j, k = 1, . . . , n
∂hj
∂αk
|t=0 = lim
t→0
tFyjyk(tα1, . . . , tαn, t)
Therefore the matrix (
∂hj
∂αk
)
1≤j,k≤n
is symmetric and negative semidefinite, since it is the limit of symmetric and
negative definite matrices. We know that (h1, . . . , hn) is a diffeomorphism when
restricted to pi−1(p) (see Lemma 3.5), therefore the above matrix must be neg-
ative definite. In particular also the matrix in (29) must be negative definite
and hence gJ,L is a local diffeomorphism along pi
−1(p).
We have that gJ,L is injective if and only if hJ,L is injective when restricted
to a fibre of yJ,L. If y
′ ∈ IntEJ then y−1J,L(y′) is convex and thus hJ,L restricted
to it must be injective (see (26)). If y′ ∈ pi−1(p) for some vertex p of EJ , then
y′ = (α¯`+1, . . . , α¯n) for some fixed α¯j > 0 and
(30) y−1J,L(y
′) = {(α1, . . . , α`, α¯`+1, . . . , α¯n) |αj ∈ R>0, j = 1, . . . , `}.
Therefore y−1J,L(y
′) is identified with a convex set and, as we have seen above, the
differential of hJ,L restricted to this set is a negative definite symmetric matrix.
Thus hJ,L is injective, by the same argument as in (26). This concludes the
proof that gJ,L is a diffeomorphism onto its image.
Let us prove the last claim of the proposition. The identification of the
cotangent bundle of VJ × TJ with MR × T given in Lemma 3.22 identifies the
cotangent fibre coordinates with (y1, . . . , y`,−x`+1, . . . ,−xn+1). The fact that
gJ,L is a diffeomorphism onto ZJ,L implies that Φ(UJ,L) is the graph of an exact
one form over ZJ,L. Consider the following Legendre transform of F :
(31) G(yJ,L,xJ,L) = −F (y) +
∑`
j=1
xiyi.
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Then a standard calculation gives
∂G
∂yj
= −hj, ∀j = `+ 1, . . . , n+ 1
∂G
∂xk
= yk, ∀k = 1, . . . , `
which implies that Φ(UJ,L) is the graph of dG. It is clear that G is well defined
and smooth also when yJ,L ∈ pi−1(p) for some vertex p ∈ EJ , since all the
functions involved in its definition are well defined and smooth. Moreover it is
also clear that dG smoothly extends to an embedding. 
Corollary 3.25. The map hJ,L : U˜J,L → VJ is a submersion. The fibres of hJ,L
can be identified with open subsets of E˜J via the map yJ,L.
In general hJ,L is not a fibre bundle, since it may happen that some fibres are
connected, or compact, and some are not, but we now restrict to a case when
hJ,L is a fibre bundle. First let us define certain neighborhoods of the faces EJ .
Given k /∈ J , let
W+J,k =
⋂
j∈J
∆jk
and as usual we define W−J,k, WJ,k and its lift W˜J,k. Clearly we have that
W˜J =
⋂
k/∈J
W˜J,k.
Similarly define neighborhoods of ΓJ :
VJ,k =
⋂
j∈J
Djk.
We have
VJ =
⋂
k/∈J
VJ,k.
Moreover, as in Lemma 3.18, we have that h(W˜J,k) = VJ,k ∩H.
Corollary 3.26. Given a face EJ of C and k /∈ J , consider the projections yJ,k
and xJ,k as in Example 3.23 and the associated maps hJ,k and gJ,k. Then
(32) gJ,k : Int W˜J,k → E˜J × Int ΓJ
is a diffeomorphism. In particular Φ(Int W˜J,k) is the graph of the differential of
a Legendre transform of F defined on E˜J × Int ΓJ . Moreover hJ,k : Int W˜J,k →
Int ΓJ is a trivial fibre bundle over Int ΓJ with fibre E˜J .
Proof. Using the symmetries we can assume that J = {1, . . . , `} and k = 0.
Then hJ,0 and gJ,0 are as in (28) and Int W˜J,0 is defined by the following in-
equalities (see (21))
Int W˜J,0 : |2yj +
∑
k 6=j
yk| < pi
2
, j = 1, . . . , `.
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In particular for all j = 1, . . . , ` we have that hj > 0 on Int W˜J,0. Therefore
hJ,0(Int W˜J,0) ⊆ Int ΓJ . We only need to show that gJ,0 as in (32) is surjective.
This holds if and only if hJ,0 restricted to Int W˜J,0∩y−1J,0(y′) surjects onto Int ΓJ
for all y′ ∈ E˜J . If y′ ∈ IntEJ , we can view (y1, . . . , y`) as coordinates on y−1J,0(y′).
For j = 1, . . . , `, we have that hj(y) = 0 on the points y of the boundary of
Int W˜J,0 ∩ y−1J,0(y′) which satisfy
|2yj +
∑
k 6=j
yk| = pi
2
.
On the other hand it follows from Lemma 3.16 that if {qk} is a sequence of
points of Int W˜J,0 ∩ y−1J,0(y′) which converges to the boundary of C then
limhj(qk) = +∞,
for all j = 1, . . . , `. Therefore, by continuity, for any x ∈ Int ΓJ , there must be
a (unique) y ∈ Int W˜J,0 ∩ y−1J,0(y′) such that hJ,0(y) = x.
If y′ ∈ pi−1(p) for some vertex p of E˜J then y−1J,0(y′) is as in (30). Here we
have the explicit description of h (hence of hJ,0) given in (18) and we can check
directly that hJ,0 surjects onto Int ΓJ . 
3.4. Lagrangian pairs of pants are homeomorphic to the PL-lift of Γ.
Given a Lagrangian pair of pants Φ : C˜ →MR × T we prove
Proposition 3.27. The Lagrangian pair of pants Φ(C˜) is homeomorphic to
the PL-lift Γˆ of Γ.
Proof. The case n = 1 is obvious, since they are both homeomorphic to a
sphere with three punctures. For simplicity, we only give a proof for the case
n = 2, where we use Proposition 3.10. In the definition of Γˆ given in §2.5 it
was convenient to define the lifts ΓˆJ of the cones ΓJ as in (7), using the faces
EJ . We might as well define ΓˆJ by replacing, in (7), EJ with its closure E¯J .
In this proof we will adopt this latter definition of ΓˆJ . The idea is to find a
decomposition
H =
⋃
0≤|J |≤n
HJ
so that for every J , h−1(HJ) is homeomorphic to ΓˆJ and for every pair J1, J2
with J1 ⊂ J2, h−1(HJ1) ∩ h−1(HJ2) is homeomorphic to ΓˆJ1 ∩ ΓˆJ2 . We will
construct a subdivision of this type which is also G∗ invariant, i.e. such that
(33) R∗kHJ = HRkJ
for all transformations R∗k. Let us first define H∅. Consider the point
q0 =
(
1
3
,
1
3
,
1
3
)
,
which clearly lies on S0. Define
qk = R
∗
kq0
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so that qk ∈ Sk. Let
H∅ = Conv{q0, . . . , q3}.
It is easy to see that H∅ is a three dimensional, G∗ invariant, simplex contained
in H. Moreover h−1(H∅) is homeomorphic to the closure of the Lagrangian
coamoeba C¯ and hence to Γˆ∅.
There is a one to one inclusion reversing correspondence between the faces of
H∅ and the cones ΓJ , namely ΓJ corresponds to the (3− |J |)-dimensional face
given by
(34) Conv{qk}k/∈J .
Let LJ be the |J |-dimensional vector subspace of NR such that L⊥J is parallel
to this face. Clearly L⊥J is transverse to ΓJ , moreover if J1 ⊂ J2 then L⊥J2 ⊂ L⊥J1
therefore the collection {L⊥J } defines a system of projections {xJ} (in the sense
of Definition 3.21) such that if J1 ⊂ J2 then
xJ1 ◦ xJ2 = xJ1 .
Let us now define HJ when |J | = 1. Assume that J = {1}. In this case
xJ(x) = x1 − 1
3
x2 − 1
3
x3.
Given t ∈ R, let
xt = tu1
and consider the planes x−1J (xt). These planes are invariant with respect to the
transformations R∗k for all k 6= 1, i.e. those that leave ΓJ fixed. For t = 1/9,
this is the plane containing the face (34) of H∅. Let us consider the sets
x−1J (xt) ∩H, for t ≥ 1/9.
It can be checked that these sets are shaped as in Figure 6, i.e. they are similar
Figure 6. The intersection of H with the plane x−1J (xt) and the
triangle KJ,t.
to the two dimensional version of H. We denote by KJ,t ⊂ x−1J (xt) ∩ H the
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darker triangle in Figure 6. It is constructed as follows. One of its vertices is
the point
q0,t = x
−1
J (xt) ∩ S0 ∩ {x2 = x3}
The other two are
qk,t = R
∗
k(q0,t)
with k = 2, 3. It is easy to compute that
q0,t =
(
2
3
z(t) + t, z(t), z(t)
)
,
where z(t) is the unique positive solution of the equation 9z2(2z + 3t)− 1 = 0.
Now, for J = {1}, we define
HJ =
⋃
t≥1/9
KJ,t.
For the other cones with |J | = 1 define HJ by using the symmetry (33). Clearly
KJ,1/9 is the face (34) of H∅. For all t ≥ 1/9, h−1(KJ,t) is homeomorphic to the
closure of the face EJ of C. Therefore
h−1(HJ) ∼= ΓJ × E¯J ∼= ΓˆJ .
Moreover
h−1(HJ) ∩ h−1(H∅) ∼= E¯J ∼= ΓˆJ ∩ Γˆ∅.
It remains to construct HJ when |J | = 2. Let J = {1, 2}. Given J1 = {1} ⊂ J ,
for every t consider the midpoint of the edge of KJ1,t whose vertices are q0,t
and q3,t. It can be easily checked that this point lies on ΓJ and as t varies in
the interval [1/9,+∞) it traces, inside ΓJ , a curve, which we denote τ1, whose
equation is
τ1 : x1 =
1
108x22
− x2, 0 ≤ x2 ≤ 1/6.
Similarly we can consider J2 = {2} ⊂ J and the analogous curve τ2, whose
equation is obtained from the equation of τ1 by exchanging x1 and x2. The
curve
τJ = τ1 ∪ τ2
cuts ΓJ in two connected components: one which contains ΓJ1 and ΓJ2 and
the other which does not. Denote by QJ the closure of latter component (see
Figure 7). It is easy to see that for every x ∈ QJ , the set
KJ,x = x
−1
J (x) ∩H
is a closed segment with vertices on the surfaces S0 and S3. Therefore h
−1(KJ,x)
is homeomorphic to a circle, i.e. to EJ . Moreover, by construction, if x ∈ τ1,
then KJ,x coincides, for some t, with the edge of KJ1,t whose vertices are q0,t
and q3,t. Similarly if x ∈ τ2. In particular, if x = (1/6, 1/6, 0) = τ1 ∩ τ2 then
KJ,x coincides with the edge (34) of H∅. Define
HJ =
⋃
x∈QJ
KJ,x.
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QJ
Figure 7.
Then
h−1(HJ) ∼= QJ × EJ ∼= ΓJ × EJ ∼= ΓˆJ .
Moreover, the above observations imply that for all J ′ with J ′ ⊂ J
h−1(HJ) ∩ h−1(HJ ′) ∼= ΓJ ′ × EJ ∼= ΓˆJ ∩ ΓˆJ ′ .
This concludes the proof. 
3.5. The Maslov class of a Lagrangian pair of pants. Let us recall the
definition of the Maslov class of an orientable Lagrangian submanifold L in
a Calabi-Yau manifold X, with dimX = n + 1. If Ω is a nowhere vanishing
holomorphic (n + 1)-form on X and volL is a volume form on L, then there
exists a smooth function θ : L → S1 and a positive function ψ : L → R such
that
Ω|L = ψeipiθ volL .
Then dθ is a closed one form on L and its class in H1(L,R) is the Maslov class
of L. In particular L has vanishing Maslov class if and only if we can lift θ to
be an R valued function. Recall also that when θ is constant, then L is special
Lagrangian of phase θ.
In our situation MR × T is Calabi-Yau and, with respect to complex coordi-
nates zj = yj + ixj, a holomorphic n+ 1-form is given by
Ω = dz1 ∧ . . . ∧ dzn+1.
Example 3.28. If ΓJ is an n-dimensional cone of Γ, then the lift ΓˆJ of Γ is
special Lagrangian of phase θ = ±1/2 (the sign depending on the orientation
of ΓˆJ).
We have the following
Proposition 3.29. Lagrangian pairs of pants have vanishing Maslov class.
Proof. Let L = Φ(C˜) be an n+ 1-dimensional Lagrangian pair of pants and let
θ : L→ S1 be the function defined above. We have to prove that dθ is an exact
one form on L. First observe that
H1(L,Z) ∼= Zn+1.
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Let E˜J be an edge of C˜ and let k /∈ J . In §3.3 we have proved that there is
a neighborhood W˜J,k of E˜J such that the map hJ,k : Int W˜J,k → Int ΓJ is a
fibre bundle with fibre E˜J ∼= S1. It is easy to see that a basis for H1(L,Z) is
given by the choice of a fibre of the map hJ,0 as J ranges among the sets with
|J | = n and 0 /∈ J . On the other hand, Corollary 3.26 tells us that Φ(Int W˜J,0)
is the graph of an exact one form defined over E˜J × Int ΓJ = Int ΓˆJ . Since ΓˆJ is
special Lagrangian, this implies that Φ(Int W˜J,0) must have vanishing Maslov
class. In particular dθ is exact on Φ(Int W˜J,0). By the above description of a
basis of H1(L,Z), dθ is exact on L. 
4. Lifting tropical curves in R2
In this section we restrict to the case n = 1 and, as an application of La-
grangian pairs of pants, we prove the following theorem
Theorem 4.1. Let dimMR = 2. Given a smooth tropical curve Ξ in MR
constructed from a unimodal, regular subdivision (P, ν) of a convex integral
lattice polytope P ⊂ NR, there exists a one parameter family Lt of smooth
Lagrangian submanifolds of T ∗T = MR ×NR/N such that
a) for all t, Lt is homeomorphic to the PL lift Ξˆ of Ξ;
b) as t→ 0, Lt converges to Ξˆ in the Hausdorff topology.
Before giving the proof, we use the results of §3.3 to describe the behavior of
the embedding Φ : C˜ → T ∗T in a neighborhood of an edge of C˜.
4.1. Projection to the legs. Let C ⊂ T be a two dimensional Lagrangian
coamoeba and let Γ be its dual tropical line. Recall that the edges of C are
labeled by Ej, such that pj is the unique vertex of C not in Ej, i.e. J = {j}.
Similarly, the leg of Γ generated by uj is labeled by Γj.
For every k 6= j, we have the projections yj,k and xj,k as in Example 3.23,
the associated maps hj,k and gj,k and the neighborhoods W˜j,k of E˜j.
Since Γj has a unique primitive integral generator uj, it can be canonically
identified with R≥0 by identifying points of Γj with their coordinate with respect
to uj. Given a point rj ∈ Int Γj let
(35) Qrj = {x ∈ Γj |x ≥ rj} .
For every leg Γj, let us fix once an for all a kj 6= j and denote
yj = yj,kj , xj = xj,kj , hj = hj,kj , gj = gj,kj .
Let
(36) Hrj = H ∩ x−1j (Qrj).
Obviously we have that h−1(Hrj) ⊆ W˜j,kj , see Figure 8 depicting these sets. In
particular Corollary 3.26 implies
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Corollary 4.2. The map
gj : h
−1(Hrj)→ Qrj × E˜j
is a diffeomorphism and Φ(h−1(Hrj)) is the graph of the differential of a function
defined on Qrj × E˜j.
h
Hr1
Figure 8. The shaded area in the coamoeba (left) represents
the preimage of Hr1 . The dashed lines delimit the neighborhood
W˜1,0
For every j, choose rj ∈ Γj such that
Hrj ⊂ IntVj
where the neighborhood Vj of Γj is defined in (24). In particular all the Hrj ’s
are pairwise disjoint. Define the set
(37) H[1] = H −
⋃
j
Hrj .
Clearly H[1] is homeomorphic to H and h−1(H[1]) is homeomorphic to a pair
pants, in particular to C˜.
4.2. Rescaling. It is convenient to consider also a rescaled Lagrangian pairs of
pants Φλ(C˜), constructed replacing the function F with the function Fλ = λF .
We continue to denote by H the image of hλ, by Hrj the subsets (36) and by
H[1] the subset (37). We have the following
Lemma 4.3. Let B ⊂MR be a neighborhood of the origin. For every j = 0, 1, 2
choose points rj ∈ Int Γj such that
Conv{r0, r1, r2} ⊂ B.
Then there exists a rescaled Lagrangian pair of pants Φλ : C˜ → T ∗T such that
for all j
Hrj ⊂ IntVj
and
H[1] ⊂ B.
This easily follows from the definition and properties of Φλ and H.
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4.3. Proof of Theorem 4.1. Step 1: the local models. Let eˇ be a vertex of Ξ.
Recall definition (11) of the star-neighborhood Ξeˇ. Define the tangent tropical
line Γe ⊆MR of Ξ to be the cone of Ξeˇ with center eˇ, i.e.
(38) Γe = {eˇ+ t(v − eˇ) ∈MR | v ∈ Ξeˇ and t ∈ R≥0}.
Notice that eˇ is the vertex of Γe. This tropical line is dual to the coamoeba
Ce defined in §2.7. In particular there is a one to one correspondence between
edges Cf of Ce and legs of Γe which we denote by
fˇ 7→ Γe,f .
Also denote by Vf ⊂MR the affine line containing Γe,f .
There are natural coordinates x = (x1, x2) adapted to a tangent tropical line
Γe given by choosing eˇ as the origin and a basis {u1, u2} of M such that each
uj is the primitive integral generator of a one dimensional cone of Γe. With
respect to these coordinates Γe is identified with the standard tropical line Γ.
Dually, let {u∗1, u∗2} be a basis of NR satisfying (2). Then this basis and the
choice of a vertex of Ce as the origin of T defines coordinates y = (y1, y2), with
respect to which Ce is identified with the standard Lagrangian coamoeba C. It
is clear that such a choice of coordinates is unique up to a transformation in
the group G∗ and in its dual G. In particular we can view the function F of
(16) as being defined on C˜e and thus we have a Lagrangian pair of pants
Φe : eˇ× C˜e →MR ×NR/N
y 7→ (eˇ+ (dF )y, y).
(39)
Denote by
he : eˇ× C˜e →MR
the composition of Φe with the projection onto MR and by He the image of
he. In the local coordinates (x, y), Φe, he and He coincide with Φ, h and H
respectively.
For every two dimensional e ∈ (P, ν) and every edge f  e, let pe,f ∈ Ce
be the unique vertex of Ce which is not in Cf and let Ue,f = Ce − pe,f . Then
choose and fix projections xe,f : MR → Vf and ye,f : U˜e,f → Cf as in Example
3.23 (see also §4.1). Thus we have the map ge,f : U˜e,f → Vf × Cf .
For any choice of points re,f ∈ Int Γe,f , we define Qre,f ⊂ Γe,f and Hre,f ⊂ He
as in (35) and (36) respectively. We then have that
ge,f : h
−1
e (Hre,f )→ Qre,f × Cf
is a diffeomorphism by Corollary 4.2.
As such, the image of Φe may be too big for our purposes. So we need to
rescale it. For every vertex eˇ of Ξ fix an open convex neighborhood Be of eˇ
such that all the Be’s are pairwise disjoint. Moreover, on every leg Γe,f of Γe,
choose a pair of points r′e,f < re,f such that r
′
e,f , re,f ∈ Be. By applying Lemma
4.3, we can suitably rescale the Lagrangian pair of pants (39) so that
Hre,f ⊂ Hr′e,f ⊂ IntVe,f .
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In particular we can define the subset
H[1]e = He −
⋃
fe
Hre,f
and assume that
(40) H[1]e ⊂ Be.
Step 2: the gluing. We now glue together the local models. Denote by Ge,f :
Qr′e,f × C˜f → R the Legendre transform of F constructed in Proposition 3.24,
so that the graph of dGe,f coincides with Φe(h
−1
e (Hr′e,f )). Let [r
′
e,f , re,f ] ⊂ Γe,f
denote the segment joining r′e,f and re,f . Given two points r
′′
e,f , r¯e,f ∈ [r′e,f , re,f ]
such that r′e,f < r
′′
e,f < r¯e,f < re,f , let η : [r
′
e,f , re,f ] → R be some smooth,
non-increasing function such that
η(x) =
{
1 x ∈ [r′e,f , r′′e,f ],
0 x ∈ [r¯e,f , re,f ].
Define the following smooth function G′e,f : [r
′
e,f , re,f ]× Cf → R
G′e,f (x, y) = η(x)Ge,f (x, y)
We use it to define a Lagrangian embedding as the graph of dG′e,f
Φe,f : [r
′
e,f , re,f ]× Cf →MR ×NR/N
(x, y) 7→ (x, y, (dG′e,f )(x,y))
(41)
where here we use the immersion of the cotangent bundle of [r′e,f , re,f ]× Cf in
MR ×NR/N given by Lemma 3.22. By construction we have that
(42) Φe,f ([r
′
e,f , r
′′
e,f )× Cf ) = Φe(h−1e (Hr′e,f −Hr′′e,f ))
and
(43) Φe,f ([r¯e,f , re,f ]× Cf ) = [r¯e,f , re,f ]× Cf .
If fˇ has two vertices eˇ1 and eˇ2, let ρ
′
f ⊂ fˇ (respectively ρf ) be the segment
joining the points r′e1,f and r
′
e2,f
(resp. re1,f and re2,f ) . Otherwise if fˇ is an
unbounded edge with only one vertex eˇ, let ρ′f (resp. ρf ) be the ray inside
fˇ which starts at r′e,f (resp. at re,f ). We have ρf ⊂ ρ′f . Now extend the
Lagrangian embedding Φe,f to a Lagrangian embedding
Φf : ρ
′
f × Cf →MR ×NR/N
by defining Φf to be equal to Φe,f on [r
′
e,f , re,f ]×Cf for every vertex eˇ of fˇ and
to be the inclusion on ρf ×Cf . Clearly Φf is a smooth extension by (43). Also
define
hf : ρ
′
f × Cf →MR
to be equal to Φf followed by projection onto MR.
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Step 3: the construction of Lt. We now put all the pieces together. For every
vertex eˇ of Ξ, define the following open subset of C˜e
Ze = h
−1
e
(
He −
⋃
fe
Hr′′e,f
)
and the Lagrangian manifold
Le = Φe(Ze).
For every edge fˇ of Ξ define the Lagrangian submanifold
Lf = Φf (ρ
′
f × Cf )
and then take the union
L =
(⋃
eˇ
Le
)
∪
⋃
fˇ
Lf

We need to show that L is a smooth submanifold. This is done by showing
that the only intersections between the various pieces is given by (42) when eˇ
is a vertex of fˇ . Given two vertices eˇ1 and eˇ2, clearly
Le1 ∩ Le2 = ∅
since the projection of Lej to MR is contained in Bej by (40) and Be1 ∩Be2 = ∅.
Lemma 4.4. Given two edges fˇ1 and fˇ2, we have
Lf1 ∩ Lf2 = ∅.
Given a vertex eˇ and an edge fˇ , then Le ∩ Lf is non empty if and only if eˇ is
a vertex of fˇ . In which case
Le ∩ Lf = Φf ([r′e,f , r′′e,f )× Cf ) = Φe(h−1e (Hr′e,f −Hr′′e,f )).
Proof. It is clear that Φf (ρf × Cf ) is disjoint from any other piece, since its
projection to MR coincides with ρf which does not intersect the projection of
any other piece. The rest of the statement follows from the observation that
hf ([r
′′
e,f , re,f ]× Cf ) ⊆ Hr′′e,f −Hre,f .
Let us prove this inclusion.
By using coordinates (x, y) on MR ×NR/N adapted to Γe as above, we can
assume Γe,f = Γ2, xe,f = x2,0 and ye,f = y2,0. Therefore (x2, y1) are coordinates
on [r′e,f , re,f ]× Cf and it can be easily seen that
hf (x2, y1) =
(
∂G′e,f
∂y1
, x2
)
=
(
η(x2)
∂Ge,f
∂y1
, x2
)
.
In particular, by definition of Ge,f and since 0 ≤ η(x2) ≤ 1, this implies that
for all x2 ∈ [r′′e,f , re,f ] we have
hf ({x2} × Cf ) ⊆ x−1e,f (x2) ∩He ⊆ Hr′′e,f −Hre,f .
This concludes the proof of the lemma. 
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This Lemma implies then that L is a smooth manifold. It is obvious that L
is also homeomorphic to Ξˆ. To construct the family Lt it is enough to rescale
all local models Φe and Φf uniformly by a factor of t, with t ∈ [0, 1]. The fact
that Lt converges in the Hausdorff topology to Ξˆ is clear from the construction
(see also Corollary 3.19). This concludes the proof of Theorem 4.1.
5. Some generalizations
Here we explain three different generalizations of the above result. We do
not yet have a complete understanding of these constructions, so we will mainly
discuss some examples and pose some questions.
5.1. Different lifts of the same tropical curve? Here assume that dimMR =
2. If we compactify X = MR×T at infinity by adding a boundary B ∼= S1×T
(i.e. viewing MR as a disk whose boundary is the first factor of B) then a
Lagrangian lift L of Ξ is a manifold with boundary on B. Suppose we have two
lifts L1 and L2 of the same tropical curve Ξ such that
∂L1 = ∂L2.
Then L2 − L1 defines a homology class in H2(X,Z) ∼= H2(T,Z) = Z. It is
not hard to show that one can construct pairs of Lagrangian lifts such that
their difference represents any homology class. Let L1 be the lift constructed
in previous sections, based on the PL lift Ξˆ. Let fˇ be an edge of Ξ, denote
by M fR the tangent line of fˇ (M
f is the lattice spanned by the integral tangent
vectors) and by (M fR)
⊥ ⊂ NR its orthogonal space. Now consider the quotient
(44) α : fˇ × T → fˇ × T
(M fR)
⊥
and a smooth section
(45) σf : fˇ → fˇ × T
(M fR)
⊥ .
Define
(46) fˆσf = α
−1(σf (fˇ)),
then it is easy to see that this is still a Lagrangian submanifold. Notice that
the canonical lift fˆ , defined in §2.7, corresponds to a constant section, indeed
α(Cf ) is a point in T/(M
f
R)
⊥. We have that T/(M fR)
⊥ ∼= S1. For every edge fˇ ,
let σf be a section such that its projection to T/(M
f
R)
⊥ defines a loop with base
point α(Cf ). Denote by σ the collection {σf}dim fˇ=1. Then define the twisted
PL lift to be
Ξˆσ =
( ⋃
dim e=2
eˇ× Ce
)
∪
( ⋃
dim f=1
fˆσf
)
.
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Then Ξˆσ is still a topological submanifold, Lagrangian on its smooth part. If
τ is a generator of H2(X,Z) (represented by the torus T ) then as a homology
class
Ξˆσ − Ξˆ = nστ
for some integer nσ. In fact nσ can be written as
nσ =
∑
f
nσf ,
where nσf is the class of the loop defined by σf in H1(T/(M
f
R)
⊥,Z) ∼= Z.
It is easy to see that in the same way we can also construct a smooth lift Lσ.
In fact recall that the lift L, over the segment ρf ⊂ fˇ defined in §4.3, coincides
with ρf ×Cf . Therefore it is enough to consider a section σf which is constant
and equal to the point α(Cf ) outside ρf and replace ρf ×Cf with α−1(σf (ρf )).
Denote the corresponding lift by Lσ.
Remark 5.1. What is the relationship between L and Lσ? Are they Hamilton-
ian equivalent? Of course, if L−Lσ represents a non-trivial class, then there is
no compactly supported Hamiltonian diffeomorphism between them, but there
may be some non compactly supported ones, which also move the boundary
and unwinds all the twists.
Remark 5.2. We expect that different Lagrangian lifts of the same tropical
variety should have some relevance in the context of Homological Mirror Sym-
metry, as different lifts should be mirror to different coherent sheaves supported
on the same complex subvariety corresponding to the tropical variety. This idea
is investigated in Section 6.3 of [2] when Ξ is an affine subvariety of an affine
manifold. An explicit correspondence in the case of toric Calabi-Yau threefolds
was proposed in [11].
5.2. Lifting non-smooth tropical curves. What happens if the tropical
curve is not smooth? Can we still construct a Lagrangian lift? We believe
it should be possible, although we do not have a complete theory yet. Here
we only give some examples. Non smooth tropical curves involve the following
generalizations: edges have a weight, i.e. a positive integer wf attached to each
edge fˇ ; vertices may have valency higher than 3; the primitive integral tangent
vectors to the edges emanating from a vertex generate a sublattice of M .
Example 5.3. Let Ξ consist of just one 3-valent vertex eˇ, with tree edges
fˇ0, fˇ1, fˇ2 emanating from it, with weights w0, w1, w2 respectively. It can be
obtained from a general lattice simplex P inNR (i.e. not necessarily elementary)
via the procedure of §2.2 using a constant function ν. The edges fˇj are then
dual to the edges fj of P . The weight wj is the integral length of fj. Of course
we also have the balancing condition∑
wjuj = 0
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where the vectors uj are the primitive integral generators of the edges fˇj (point-
ing outward from the vertex). In this case it is easy to construct a Lagrangian
lift of Ξ as follows. Consider the integer
me = |w1u1 ∧ w2u2|
Let M ′ ⊂M be the lattice
M ′ = spanZ{w1u1, w2u2}.
It is a sublattice of M of index me. The dual N
′ ⊂ NR of M ′ is a lattice which
contains N as a sublattice of index me. In particular, if we denote
T ′ =
NR
N ′
we have that the action of N ′ on T defines a degree me covering map
β : T → T ′.
Observe that Ξ, as a tropical curve in M ′R, is a standard tropical line. There-
fore we know how to construct the Lagrangian coamoeba C ′e ⊂ T ′ dual to Ξ,
moreover we also have the function F ′ : C ′e → R defined in (16). Now define
Ce = β
−1(C ′e)
and the function
F = F ′ ◦ β
on Ce. We define the Lagrangian lift of Ξ to be the graph of the differential of
F extended to the real blow up of Ce at its vertices. Notice that if an edge fˇ
has multiplicity w, the coamoeba Ce will contain w (parallel) copies of the face
C ′f of C
′
e. In particular, to construct a PL lift Ξˆ of Ξ we must attach w copies
of fˇ × C ′f to Ce. As in Theorem 4.1, by rescaling F by a factor of t we can
obtain a one parameter family of smooth lifts which converge to Ξˆ.
Figure 9.
As an example consider the tropical curve in Figure 9. It is not smooth, but
its edges have multiplicity one. The associated coamoeba is depicted on the
left. Notice that the lift is a torus with three punctures.
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Example 5.4. Let Ξ be the standard tropical line, but let us assign to each
edge of Ξ a multiplicity w. Then me = w
2. Figure 10 shows the co-ameba
for the case w = 2 We have that the lift is a surface of genus g = (w−1)(w−2)
2
Figure 10.
with 3w punctures. As expected, the formula for the genus is the same as for
a complex curve of degree w in P2.
Example 5.5. Here we give an example of a 4-valent vertex. Let
P = Conv{(1, 0), (0, 1), (−1, 0), (0,−1)}
and let Ξ be the tropical curve associated to P with the function ν = 0. Then
Ξ has one vertex and four (unweighted) edges fˇ0, . . . , fˇ3 generated respectively
by the vectors u0 = (1, 1), u1 = (−1, 1), u2 = (−1,−1) and u3 = (1,−1) (see
Figure 11). Represent the torus T as in (3) and let Ce be the subset of T
depicted in Figure 11 (on the left). The edges of the four squares forming Ce
+
+
-
-
Figure 11.
are contained in the lines defined by equations
〈uj, y〉 = pi
4
mod piZ
Mark each square with a plus or minus sign as in the figure and let (y) be equal
to 1 or −1 if y is respectively in a plus or minus square. Define the function
F (y) = (y)
(
3∏
j=0
∣∣∣sin(〈uj, y〉 − pi
4
)∣∣∣)1/2
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Then F is well defined on Ce and its behavior near a vertex is similar to the
behavior of the function F defined in (16). Therefore the graph of the differ-
ential of F extends to a Lagrangian embedding of the real blow up of Ce at its
vertices. This it the Lagrangian lift of Ξ.
5.3. Lifting tropical curves in Rn. We sketch here how one can construct
Lagrangian lifts of smooth tropical curves in higher codimensions, i.e. in Rn
with n ≥ 3. See also Mikhalkin’s paper [18]. So let Ξ be a smooth tropical
curve in MR, with M ∼= Zn. This means that all vertices are trivalent and
that any two primitive, integral tangent vectors to the edges emanating from a
vertex are part of a basis of M . The balancing condition implies that all edges
emanating from a vertex v of Ξ are contained in an affine plane, which we
denote by Vv. The direction of Vv is a two dimensional vector subspace of MR
which we denote M vR, where M
v is the lattice spanned by the integral tangent
vectors to the edges emanating from v. Similarly, if ` is an edge of Ξ, denote by
V` the affine line containing ` and by M
`
R its direction. To define a Lagrangian
lift of ` inside MR× T , we can proceed as in §5.1, i.e. we consider the quotient
as in (44), then we take a section σ` as in (45) and define ˆ`σ` ⊂ MR × T as in
(46), i.e. as the preimage of the section by the quotient map. Notice that ˆ`σ`
is a Lagrangian submanifold.
Now let us consider a vertex v. Notice that the dual of the lattice M v can
be naturally identified with the lattice
N v =
N
(M vR)
⊥ ∩N .
Moreover if Γv is the tangent tropical line at v (see (38)), i.e. the cone spanned
by the edges emanating from v, we have that Γv is a standard tropical line in
M vR and thus defines a dual Lagrangian coamoeba Cv in the torus
T v =
N vR
N v
.
Notice that we naturally have
T v ∼= T
(M vR)
⊥ .
Therefore if we consider the quotient
v × T → v × T
(M vR)
⊥ ,
we define vˆ to be the preimage of Cv via this quotient. Then we define the PL
lift of Ξ, depending on the collection σ of the sections σ`, to be
Ξˆσ =
( ⋃
dim v=0
vˆ
)
∪
( ⋃
dim `=1
ˆ`
σ`
)
.
For Ξσ to be a topological submanifold, vˆ has to glue nicely to ˆ`σ` for all edges
` emanating from v. This can be done as follows. Since (M vR)
⊥ ⊂ (M `R)⊥, the
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latter space acts on T v and we have
T v
(M `R)
⊥
∼= T
(M `R)
⊥ .
Moreover, if Cv,` is the edge of Cv corresponding to the edge `, the image of
Cv,` in the latter quotient is a point. We require σ` to be equal to this point at
v. This condition ensures that Ξˆσ is a topological submanifold.
The smoothing of Ξˆσ can be done exactly as in the proof of Theorem 4.1. We
replace Cv by a Lagrangian pair of pants inside M
v
R× T v, suitably deformed so
to coincide with the lifts of the edges away from v. Then we take the preimage
of this Lagrangian pair of pants via the quotient map M vR × T →M vR × T v.
5.4. Exact examples. Here we investigate the exactness condition for the
Lagrangian lifts of tropical curves. We prove the following
Theorem 5.6. If a Lagrangian lift in T ∗T of a tropical curve Ξ in MR is exact
then all edges of Ξ lie on one dimensional vector subspaces of MR. In particular
Ξ can have only one vertex in the origin.
Proof. In the coordinates (x, y) on T ∗T given in §2.1, the canonical one form
on T ∗T is
λ =
∑
i
xidyi.
In the group H1(Ξˆ,Z) consider the classes of the loops {x} × Cf where x is
some point on the edge fˇ of Ξ and fˆ = fˇ × Cf . These can be also considered
as classes in H1(L,Z), since if x ∈ ρf then {x} × Cf ⊂ L. Now notice that Cf
is an affine line in T with primitive integral tangent vector ef orthogonal to fˇ .
In particular fˇ lies on an affine line in MR with equation
〈ef , x〉 = cf
for some cf ∈ R. Therefore we have that∫
{x}×Cf
λ = cf .
For L to be exact, this integral must be zero, i.e. cf = 0, for all edges fˇ of Ξ.
In particular all edges lie on one dimensional vector subspaces of MR. 
Therefore the only smooth tropical curves whose lifts are exact are the trop-
ical lines. The lifts of the non smooth tropical curves in Examples 5.3, 5.4 and
5.5 are all exact, provided the vertex is the origin.
6. Lagrangian submanifolds in toric varieties
Here we discuss various examples of Lagrangian submanifolds of toric vari-
eties obtained as lifts of tropical curves inside the moment polytope. The idea
to construct surfaces in toric varieties (and in almost-toric ones) from curves
in the moment polytope can be traced back to the work of Symington, see
Definition 7.3 and Theorem 7.4 of [27], who calls such surfaces visible surfaces.
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Symington describes how the surface also depends on the interaction between
the curve and the boundary of the moment polytope, which is what we will do
here too. The richest and most straight forward family consists of Lagrangian
submanifolds with boundary on the toric divisor. Then we discuss a new con-
struction, which we learned from Mikhalkin [18], of non-orientable Lagrangian
surfaces inside C2. Finally we give examples of Lagrangian tori in P2 or P1×P1,
including some monotone ones.
Let us first recall a few facts about toric varieties. Let dimMR = 2. Let
∆ ⊂ MR be a Delzant polygon. This means that ∆ is an intersection of half
spaces, its edges have rational slope and, at each vertex, the primitive integral
vectors tangent to the edges adjacent to the vertex form a basis of M . Notice
that ∆ does not need to be compact. We denote by ∂∆ the boundary of ∆ and
by ∆o its interior. In our context, it is useful to think of the toric variety X∆
with moment polygon ∆ in the following way. As usual T = NR/N . Consider
∆ˆ = ∆× T
Then X∆ is obtained from ∆ˆ by collapsing the fibres over the boundary ∂∆ as
follows. If d is the interior of an edge, let MdR be its tangent subspace. Then X∆
is obtained by replacing d × T with d × (T/(MdR)⊥). At a vertex v we replace
v × T by v. We denote by
µ : X∆ → ∆
the moment map, i.e. the projection onto ∆. Then ∆o × T ⊂ X∆ and the
symplectic form of X∆ restricted to this open set coincides with the usual one.
In the following by a tropical curve Ξ inside ∆ we mean that
Ξ = ∆ ∩ Ξ∞
where Ξ∞ is a tropical curve in MR, none of whose vertices are on ∂∆.
6.1. Lagrangian submanifolds with boundary. Let Ξ be a tropical curve
in ∆ which satisfies the following property:
(P) when an edge fˇ of Ξ ends on an edge d of ∆, then the primitive integral
tangent vectors to d and fˇ form a basis of M . In particular if an edge of
Ξ ends on a vertex of ∆, then it must satisfy this property with respect
to both edges adjacent to this vertex.
Theorem 6.1. If Ξ ⊂ ∆ is tropical curve satisfying (P), then we can lift Ξ
to a Lagrangian submanifold with boundary L in X∆. The boundary of L is
contained in the toric boundary of X∆ and consists of the union of the circles
µ−1(p) for all points p of Ξ∩ ∂∆ which are in the interior of an edge d of ∆. If
v ∈ Ξ ∩ ∂∆ is a vertex of ∆ then µ−1(v) is a (smooth) interior point of L.
Proof. Let Ξ∞ be the tropical curve in MR such that Ξ = ∆∩Ξ∞ and let L∞ be
the lift of Ξ∞ constructed in Section 4. As can be seen from the construction,
we can assume that if p ∈ ∂∆ ∩ Ξ and fˇ is the edge of Ξ which contains p,
then p ∈ ρf ⊂ fˇ , i.e. ρf × Cf ⊂ L. We now define L to be the closure of
L∞ ∩ (∆o × T ) inside X∆. Equivalently we may consider L as the image of
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L∞ ∩ (∆ × T ) after the collapsing of the boundary described above. We have
to prove that L satisfies the statement of the theorem.
Notice that by the above observation, L∞ ∩ (∂∆ × T ) consists of the union
of the circles p×Cf for all p ∈ ∂∆∩Ξ and edges fˇ with p ∈ fˇ . Suppose p is in
the interior of an edge d of ∂∆. Then, the above property of Ξ with respect to
∂∆ ensures that the circle p × Cf maps one to one to the circle µ−1(p) under
the quotient d× T → d× T/(MdR)⊥. This implies that µ−1(p) ⊂ L and that it
is a smooth boundary component.
If p ∈ ∂∆ ∩ Ξ is a vertex of ∆, then the local model for a tropical curve
ending on p and satisfying (P) is
∆ = R≥0 × R≥0,
X∆ = C2, µ(z1, z2) = (|z1|2, |z2|2)
Ξ = {x1 − x2 = 0}.
Then it is easy to see that the lift of Ξ is L = {z1 = z¯2}, which is smooth. 
Example 6.2. Let ∆ and Ξ be as in Figure 12. Then X∆ = P2 and Ξ satisfies
Figure 12.
the property stated above. In particular its lift L does not have a boundary,
therefore it is a smooth Lagrangian torus in P2. The tropical curve comes nat-
urally in a one parameter family, where the parameter is the size of the triangle
defined by Ξ. Or, even better, the parameter is the area of the holomorphic
disc with boundary on L which can be constructed over a segment joining an
edge of ∆ and the corresponding parallel edge of the triangle. Since this area
decreases as we increase the size of the triangle, this implies that elements of
this family are in different Hamiltonian classes. Notice also that the same trop-
ical curve can be lifted in different ways, by twisting the lifts of the edges as
explained in §5.1, therefore we also have the Lagrangian tori Lσ for each choice
of twist σ. Of course all these tori represent the trivial homology class, but we
do not know if they represent different Hamiltonian classes. Moreover, what is
the relation between these tori and other well known Lagrangian tori in P2, e.g.
the fibres of the moment map?
Example 6.3. Let ∆ and Ξ be as in Figure 13, then X∆ = P1 × P1 and Ξ
satisfies property (P). Therefore the lift L is a Lagrangian torus. Also in this
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Figure 13.
case Ξ comes in a one parameter family, giving rise to a one parameter family
of Lagrangian tori which are not Hamiltonian equivalent. Moreover we have
the twists Lσ.
6.2. Non-orientable Lagrangian surfaces. It is possible to construct non-
orientable Lagrangian surfaces in C2 as lifts of tropical curves in ∆ = R≥0×R≥0.
This idea was explained to us by Mikhalkin (see [18]).
Example 6.4. Consider the tropical curve Ξ in ∆ = R≥0 × R≥0 depicted in
Figure 14. The interesting fact is that at the two points where it hits the
Figure 14.
two edges of ∆, it does not satisfy property (P). In fact at these points the
primitive integral tangent vectors to the edge fˇ of Ξ and to the edge d of ∆
span a lattice of index two. This implies that the circle p × Cf , which is the
intersection of L∞ with d× T , maps two to one to the circle µ−1(p) under the
quotient d × T → d × T/(MdR)⊥. In particular the lift L is smooth without
boundary but not orientable. Indeed in this example L is homeomorphic to
the connected sum of a genus two surface with two copies of RP2, it thus
has Euler characteristic −4. The first examples of non-orientable Lagrangian
surfaces in C2 were given by Givental, [10] who constructed examples of Euler
characteristic −4k for k ≥ 1. Audin [3] proves that the Euler characteristic of a
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non orientable Lagrangian surface in C2 must be divisible by 4. More recently
Nemirovski [21] proved that there exists no Lagrangian embedding of the Klein
bottle in C2.
6.3. Monotone Lagrangian tori. We give two examples of Lagrangian mono-
tone tori, one in P2 and one P1×P1. These are limit cases of Examples 6.2 and
6.3.
Example 6.5. Let ∆ and Ξ be as in Figure 15. Then X∆ = P2. Notice
Figure 15.
that Ξ = ∆ ∩ Ξ∞, where Ξ∞ is as in Figure 9, in particular Ξ is not smooth.
Nevertheless we showed in Example 5.3 that we can construct a Lagrangian lift
of Ξ∞ as the graph of the differential of a function F defined on the coamoeba
of Figure 9. As in the proof of Theorem 4.1, we can deform this graph so that
over each edge fˇ , just away from the vertex, the lift actually coincides with the
cylinder fˇ × Cf . In particular we can construct a smooth Lagrangian torus L
in P2, as in Theorem 6.1. Notice that we can view this example as a limit case
of Example 6.2, where the triangle shrinks down to a point.
Theorem 6.6. The Lagrangian torus L in P2 lifting the tropical curve in Figure
15 is monotone.
Proof. Recall that in the definition of monotone Lagrangian submanifold we
have two linear maps defined on H2(P2,L): the area ω : α 7→
∫
α
ω and the
Maslov index µ. We must prove that these two maps are proportional. A basis
of H2(P2,L) ∼= Z3 is given by a generator τ of H2(P2) and by the classes of
two disks with boundaries the 1-cycles in L depicted in Figure 16. To be more
precise the cycles are the images of the two curves depicted in Figure 16 via
the graph of the differential of the function F on the coamoeba. We have that
µ(τ) = 2c1(τ) = 6
(see for example Oh [25]), while
ω(τ) = 3.
Now, let us recall Lemma 3.1 in [4] which says that if L is a special Lagrangian
submanifold (or with vanishing Maslov class) inside the complement of an an-
ticanonical divisor D of a Ka¨lher manifold X, then the Maslov index of a disk
44 DIEGO MATESSI
Figure 16. Two 1-cycles in L which are the boundaries of two
disks in H2(P2,L)
with boundary on L is 2β · [D], i.e. twice the intersection number between the
disk and the divisor. In our case D is the toric boundary and we can use this
result since L has vanishing Maslov class (see Proposition 3.29). It is not hard
to see that both the Maslov index and the area of disks can be computed by
pretending that the two 1-cycles are precisely the ones depicted in Figure 16
(i.e. they are contained inside the torus fibre over the vertex of Ξ), and not
the images of those curves via the graph of dF . Now, the vertex of Ξ is the
barycenter of ∆ and thus the torus fibre over it is the Clifford torus, which is
monotone. In particular if β is a disk with boundary on the curve drawn with
a continuous (blue) line, then
µ(β) = 2β · [D] = 2
and
ω(β) = 1.
If β is a disk with boundary on the dashed (red) line, then this disk can be
taken inside the torus fibre thus
µ(β) = ω(β) = 0.
These equalities show that µ = 2ω and thus that L is monotone. 
Example 6.7. Let ∆ and Ξ be as in Figure 17. Then X∆ = P1 × P1. Here
Ξ = ∆ ∩ Ξ∞ where, Ξ∞ is a in Example 5.5, therefore a lift L of Ξ inside X∆
can be constructed from a lift of Ξ∞. The coamoeba is as in Figure 11. Thus
L is a Lagrangian torus. Just as in the previous example, one can show that L
is monotone.
We wonder what is the relationship between these examples of monotone
Lagrangian tori and other known examples, such as the Clifford torus (i.e. the
torus fibre over the barycenter of ∆) and the ones in [9], [28], [1].
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Figure 17.
7. Appendix
Here we sketch a proof of the following
Proposition 7.1. For n = 1 and 2, the map h constructed in §3.1, restricted
to IntC+, is a local diffeomorphism .
Unfortunately we are not yet able to provide a rigorous proof for all values of
n. Obviously h is a local diffeomorphism if and only if the determinant of the
Hessian of F is nowhere vanishing inside IntC. Proving the latter, via a direct
computation, is difficult, so we will follow a different method. The idea is the
following. Fix a point y ∈ IntC+ and for j = 0, . . . , n, let σj be the straight
line passing through y and the vertex pj and let vj be a tangent vector of σj
at y. We will show that the images of the vectors v0, . . . , vn via the differential
of h at y are linearly independent. The advantage of this approach is that the
symmetries of h studied in §2.6 exchange lines emanating from one vertex with
lines emanating from another one. Therefore it is enough to study the image,
via h, of lines through p0.
Given equation (17), we can assume the components of h are
hj(y) =
cos
(
2yj +
∑
k 6=j yk
)∏
k 6=j sin yk[
cos
(∑n+1
k=1 yk
)∏n+1
k=1 sin yk
] n
n+1
,
where, for simplicity, we removed the factor 1
n+1
.
The line σ0 through p0 and y is of the type
σ0(t) = (a1t, . . . , an+1t)
with
(47)
n+1∑
j=1
aj =
pi
2
We have σ0(t) ∈ IntC if and only if 0 < t < 1. Let γ0(t) = h(σ0(t)). Then
γ0 = (γ0,1, . . . , γ0,n+1) with
γ0,j(t) =
cos
(
aj +
pi
2
)
t
∏
k 6=j sin akt[
cos pi
2
t
∏n+1
k=1 sin akt
] n
n+1
.
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Lemma 7.2. If the aj’s satisfy (47) and
(48) 0 < an+1 ≤ an ≤ . . . ≤ a1
then γ satisfies
γ′0,n+1 ≤ γ′0,n ≤ . . . ≤ γ′0,1 < 0
Proof. Observe that γ0,j(t) ≥ 0 if and only if t ∈
(
0, pi
pi+2aj
)
. Therefore it follows
from (48) that γ0,1 is the first to become negative followed by γ0,2 and so on.
Now let
ρk(t) =
cos
(
ak +
pi
2
)
t[
cos pi
2
t
] n
n+1
and βj,k(t) =
sin ajt
sin akt
Notice that βj,k > 0 for all t ∈ (0, 1) and that ρk has the same sign as γ0,k. We
have that
γk = ρk
(∏
j 6=k
βj,k
) 1
n+1
One can show that for all t ∈ (0, 1)
ρ′k < 0 and β
′
j,k ≤ 0 if ak ≤ aj.
In particular (48) implies that
γ′0,n+1(t) < 0 ∀t ∈
(
0,
pi
pi + 2an+1
]
and
γ′0,1(t) < 0 ∀t ∈
[
pi
pi + 2a1
, 1
)
We have that
γ0,k
γ0,j
=
cos
(
ak +
pi
2
)
t sin ajt
cos
(
aj +
pi
2
)
t sin akt
.
One can show that (
γ0,k
γ0,j
)′
≥ 0 on (0, 1) if ak ≤ aj.
In particular (
γ0,n+1
γ0,1
)′
≥ 0 on (0, 1).
Now, since
γ′0,n+1 =
1
γ0,1
((
γ0,n+1
γ0,1
)′
γ20,1 + γ
′
0,1γ0,n+1
)
,
we have that all of the above implies that
γ′0,n+1 < 0 ∀t ∈
(
pi
pi + 2an+1
, 1
)
.
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Similarly
γ′0,1 =
1
γ0,n+1
(
γ′0,n+1γ0,1 −
(
γ0,n+1
γ0,1
)′
γ20,1
)
,
which implies
γ′0,1(t) < 0 ∀t ∈
(
0,
pi
pi + 2a1
)
.
This shows that both γ′0,1 and γ
′
0,n+1 are negative. A similar argument shows
that also γ′0,k is negative for all the other k’s.
Let us now prove that γ′0,k+1 − γ′0,k ≤ 0. We have that
γ0,k+1(t)− γ0,k(t) =
cos pi
2
t sin (ak − ak+1) t
∏
j 6=k,k+1 sin ajt[
cos pi
2
t
∏n+1
k=1 sin akt
] n
n+1
.
One can show that the derivative of this function is negative. 
Let us use this lemma to prove that h is a local diffeomorphism in the case
n = 1. Using the symmetries we can assume that y ∈ W+12 ∩W+2 , i.e. that y
satisfies 0 < y2 ≤ y1 and 2y1 + y2 ≤ pi/2. Then consider the lines σ0, passing
through p0 and y, and σ1, passing through p1 and y. Let γj = h◦σj. See Figure
18 for a plot of the curves σj and γj
Then, using the above lemma for γ0 we have
γ′0,2 ≤ γ′0,1 < 0.
To estimate the derivatives of γ1, notice that γ1 is the image, via the trans-
formation T ∗1 defined in §2.6, of a curve through y˜ = T ∗1 y and p0, moreover y˜
satisfies 0 < y˜2 ≤ y˜1. Using Lemma 3.8 and the lemma above we have that the
derivatives of γ1 satisfy
γ′1,2 ≤ 0 < γ′1,1
It is easy to see then that γ′0 and γ
′
1 must be linearly independent, i.e. the
differential of h is invertible at y.
For the case n = 2, we need to consider another type of curve. Let τ be a
line segment from a point on the edge E12 to a point on the egde E03, i.e. given
a, b ∈ (0, pi/2),
(49) τ(t) =
((pi
2
− b
)
t, bt, (1− t)a
)
.
We have τ(0) = (0, 0, a) ∈ E12 and τ(1) =
(
pi
2
− b, b, 0) ∈ E03. Now let
η = h ◦ τ.
Lemma 7.3. If a, b ∈ (0, pi/4), then the derivative η′ of η satisfies
η′3 > 0 and η
′
j < 0 for j = 1, 2.
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Figure 18. The curves σj and γj. Dashed (red) lines for j = 0
and continuous (blue) for j = 1.
Proof. The components of η are
η1(t) =
cos ((pi − a− b) t+ a) sin bt sin a(1− t)(
cos
((
pi
2
− a) t+ a) sin (pi
2
− b) t sin bt sin a(1− t)) 23 ,
η2(t) =
cos
((
pi
2
− a+ b) t+ a) sin (pi
2
− b) t sin a(1− t)(
cos
((
pi
2
− a) t+ a) sin (pi
2
− b) t sin bt sin a(1− t)) 23 ,
η3(t) =
cos
((
pi
2
− 2a) t+ 2a) sin (pi
2
− b) t sin bt(
cos
((
pi
2
− a) t+ a) sin (pi
2
− b) t sin bt sin a(1− t)) 23 .
and the statement of the Lemma can be verified by direct computations. 
Now assume, without loss of generality, that y satisfies 0 < y3 < y2 < y1 and
2y1 + y2 + y3 ≤ pi2 . Consider the lines σ0, σ1 and σ2 respectively joining p0, p1
and p2 to y. Assume that they are oriented so that they point from pj to y.
As above, let γj = h ◦ σj. From Lemma 7.2 it follows that the derivatives of γ0
satisfy
(50) γ′0,3 ≤ γ′0,2 ≤ γ′0,1 < 0.
Using the symmetries we can also show that the derivatives of γ1 satisfy
(51) γ′1,3 ≤ γ′1,2 ≤ 0 < γ′1,1
and those of γ2 satisfy
(52) γ′2,3 ≤ γ′2,1 ≤ 0 < γ′2,2.
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Now let A be the matrix whose columns are γ′0, γ
′
1 and γ
′
2, then
detA = γ′0,3(γ
′
1,1γ
′
2,2−γ′1,2γ′2,1)−γ′0,1γ′1,3γ′2,2+γ′0,2γ′1,3γ′2,1+γ′0,1γ′1,2γ′2,3−γ′0,2γ′1,1γ′2,3
Lemma 7.4. We have that
γ′1,1γ
′
2,2 − γ′1,2γ′2,1 > 0.
Proof. Let us consider the plane containing σ1 and σ2 and let q be the point of
intersection between this plane and the edge E12. Now let τ be the line passing
through q and y and oriented so that it points from q to y. This line is of type
(49), with a, b ∈ (0, pi/4), therefore if η = h ◦ τ , the derivatives of η satisfy
Lemma 7.3. This, together with (51), implies that
η′1γ
′
1,2 − η′2γ′1,1 > 0.
This inequality implies that if we consider the map from the triangle with
vertices q, p1, p2 to R2 given by h followed by projection onto the first two
coordinates, then the differential of this map is invertible at y. Now observe
that the pairs of tangent vectors at y given by {σ′1, σ′2} and {τ ′, σ′1} define the
same orientation on this triangle. This proves the lemma. 
It is now easy to see that this lemma together with (50), (51) and (52) implies
that detA < 0 and hence that the differential of h is invertible.
Corollary 7.5. Assuming n = 1 or 2. Let F be as in (16), then the Hessian of
F , restricted to IntC+, is negative definite.
Proof. Since F is positive on C+ and vanishes on its boundary, it must have
an interior maximum. At this point the Hessian is negative definite, but since
the determinant of the Hessian never vanishes, it must be negative definite
everywhere. 
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